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Abstract:

In this manuscript, we apply a new technique, namely local fractional Laplace variational iteration method
(LFVITM) on Helmholtz and coupled Helmholtz equations to obtain the analytical approximate solutions. The iteration
procedure is based on local fractional derivative operators (LFDOs). This method is the combined of the local fractional
Laplace transform (LFLT) and variational iteration method (VIM). The method in general is easy to implement and
yields good results. Illustrative examples are included to demonstrate the validity and applicability of the new

technique.
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1. Introduction:

In recent years, a many of approximate and
analytical methods have been utilized to solve the
partial differential equations with local fractional
derivative operators such as the LFFSM, Hu et al.
(2012), LFLDM, Hao .et.al. (2013), LFVIM, Su et al.
(2013), LFSEM, Yang et al. (2013). LFSTM,
Srivastava et al. (2014) LFLTM, Zhao et al. (2014).
LFFDM, Wang et al. (2014) and Yan et al. (2014).
LFDM, Baleanu et al. (2016), LFDTM, Yang et al.
(2016) and Jafari (2016) and LFRDTM, Jafari et al.
(2016). and Our main aim in this work, we propose an
efficient modification of the LFVIM to solve Helmholtz
and coupled Helmholtz equations with local fractional
derivative operators. It is important to note that the new
technique reduces the size of calculations compared to
the local fractional vibrational iteration method
(LFVIM).

The Helmholtz equation with local fractional derivative
operators in two-dimensional case was suggested as
follows:

O*“H(x,y) . O*“H(x,y)
aXZat ay2a

with the initial value conditions as follows:

+o H(xy)=f(xy), 0<a<l
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HO. =y, THOY

where H(x,y) is unknown function and f(x,y) is a

source term.

This paper is organized as follows: In Section
2, we recall the local fractional calculus (LFC). The
analysis of the proposed modified VIM is given in
Section 3. Then in Section 4, the proposed method is
implemented to some examples. Finally, concluding
remarks are presented in Section 5.

=y (y) @2

2. Basic definitions of local fractional

calculus:
In this section, we present the basic theory of
local fractional calculus Yang (2011,2012).

Definition 1. The LF derivative of f(x) of order « at

X =X, IS given by

A* (F(x) — (%))
(X - Xo)a

Where A“(f (x)— f (%,)) = T(a+1) (f (x) - f (x,)).

£ (x,) = lim

X—>Xg

(2.2)

Definition 2. Let’s denote a partition of the interval
[a,b] is denoted as (t;,t;,,), j=0...N-1 and ty =b

Wlth Atj :tJ+1_t] andAthaX{Ato,Atl, ..... }
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The LF integral of f(X) in the interval [a,b] is given
by

9 f(x) =

1 8 .,
i) 0@

N-1

1 . a

Definition 3. Let

j\ f()|(dx)* O<k<oo (2.3)

F(1+ o)y
The LF Laplace transform of f (X) is given by
L {f(0)}=f.(s) =

r(1 jE (=s“x) f () (dX)*, 0<a<l  (2.4)

Definition 4. The inverse of the LF Laplace transform
of f(x)is
P+iw

LA ()} = F(0) = [E X)L @) @ @9)

1
@) ,
where s* = g +i“0”, and Re(s) = £ > 0.

The properties for local fractional Laplace

transform used in the paper are given as
L. {af (x) +bg(x)}=af,"“(s) +bg;“(s) ~ (2.6)

L {E,(c“x) f(0)}=fr(s—c) (2.7)
L {f® ()} = s* L (s) - s« D £ (0)
— sl Ae @ Q) —...— £ (D) (0) (2.8)

L, {E.,(@“x*)}= o ia“ (2.9)
L, {Xk“}: I'l+kea)

S(k+1)a

(2.10)

3. Local Fractional Variational lteration
Transform Method (LEVITM).

Let us consider the following local fractional
partial differential equations:
Lu(x,y)+Ru(x,y)+=9(x,y), O0<a<l (3.1

6ka
L,=——, R, are
axka
g(x,y) isthe source term.
Applying the Yang-Laplace transform (denoted in this
paper by t,) on both sides of (2.1), we get
Using the property of the Yang-Laplace transform, we
have

where linear LFDOs and
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s"k, {u(x, y)}-s"Pu(0,y) -s"2“u (0, y) --—u'") (0, y)

=t {900 y)-Ru(x 0, (32)
or equivalently

Efuxy)= iu(o y)+siu 0y)+ s%ui(“’“a)(o,y)

+S%ta{g(x,t)—Rau<x,y)}. 39

Operating with the Yang-Laplace inverse on both sides
of (3.3) gives

i3 RES Y
() 0 A . X (n-1)e 0
r(1+a)”“ (0.)+ +r(1+(n Ve ) (©.7)

3.4

u(x,y)=u(0.y)+

2 L o) - Rutey)]
L g™ )

Derivative both side (3.4) with respect to x, we have

&u(x,y) &

’
B L (ol - RL-,_u(x,,r)}] -
r e

. EJ':—!]:: (35)
- IIJ 1) 0 ]
g™

We now structure the correctional local fractional
function in the form

1

a8 -~
cx x

"(01)+ +

u?ﬂi—l('\‘?}‘) = u:p;(xr,‘v) + 1_(1 + U) x
el @ '1| Setleen-RaEnll-| o
J‘ /.I(f) g C / (d':)-z
0 r(1+0) (l.! )EW(O ‘-)_..._ ’( e (lt )( -l (0 ‘) :
[+ (i 2)a) )
Making the local fractional variation , we get
U, (X, 3)=6"u,(x.y) i a)x
¥ o LSJ)_?—J _1‘ _J’E./{g(:?}.)_Rzum(‘??}.)}‘_I
MEN” cc oc \ / i
[ (d2)
gF(l‘\‘C{) ( )(m(o ) f[. e ( ):(w—ll.z (0 )
H, ). V)= ). .V
e ! Tl+(mn-2)e) ™ . )
The extremum condition of u,,;(X,Y) is given by
0%U, (X, y) =0 (3.7
In view of (3.7), we have the following stationary
conditions:
a a ()
G _ [ (&) J _0 (3.8
I'l+ea) o I'l+e«) .
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This is turn gives \.Lr.
a coh Ay )
rd+a) r ;o :
it ; ; -LJ‘ codh \’1"")—i £ LE J:—Ecoih oh- A cosh I’lﬁ')[‘ ~cosh, (%) |(85)"
Substituting (3.9) into (3.6), we obtained HMJU | ¢ "’-imw) I TV |l
i, (x,y)=u,(x.y)- ﬁ % .
{ — ,gj‘ 1 —1, !g(:"_}’)—Rzum(f,}’)}I‘— I (3.10) :—r(:_-a\lcosha()-ai. -
g 5 J o
g (=2 . (d:) ]
0 o) A < o H:..’:H..'—
| ) 03) =~ e ) 0) o) =B 5
Finally, the solution u(x, y) is given by :
ux, y)=limu,(xy) (3.1)
= i ha(,‘a\':
4. Illustrate Examples: ey 47
Example 1. Let us consider the following Helmholtz
equation with local fractional derivative operator in the |
fOfm H:r;(x-‘,v): H:h_l(.‘f.'\')* F(l +Gf) X
a --: L8 "': ~H(x,)=0, (4.1) J L}gé“")—i‘ﬁl;éﬁhq(c ])_8 “ij_}(:_.)')} H(0.1)|(de)
g dy o o8 A G| ) /
subject to the initial value
e - “ Oy
:H:I.::_-._.=:: A HID =:35h:::‘.&.’:. IX—I-E:] =].—(1—CJ\JCOShCE()I ).

In view of (3.10) and (4.1) the local fractional iteration

; . Finally, the solution of Helmholtz equation (4.1) is
algorithm can be written as follows: y a (4.1)

given by
Hw.w—l(x-‘}‘):H:h(“\‘:”_ l"(1+0)x H(x.») = lm H,(x.»)
. » el @ |
VAR (E oy ECH (£ o
j—o ”i(.“”— Ly —£a H(2)-- ”‘!(.”J)>H—H;E‘“‘(0 7)|(d2)" o oka ) (44
We can use the initial conditions to select

& u ] ] L Example 2. Let us consider the following system of
Ho(xy) =y e (y™) - Using this selection into the local fractional coupled Helmholtz equations with local
correction functional (4.3) gives the following fractional derivative:

successive approximations

rd

\ X o
Hylx.y)= cosh, (v")
0= gyl

I

H(x.v)=H,(x,y)- X trn v B 10,5 @
s fi+a) o (4.10)
JC%C”fyH%@h@n—ﬂ¥%\mwnww H20N=0 .
oloagt S W i o ] ) |
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Applying local fractional Laplace transform on Eq. Hoy (5 y) = Hyy (%))~ ———
(4.9) and using the initial conditions, we have , ' [(+a)
: RS I S #ﬁy{Hm 2T | E ey
g _— . P H | e e R a= J))
Lt (0 == Lg O It = fp i 1 (x ) - TR ‘ ’
) ) (4.11) o d) = Hale 3= p oy
fxy_r - 1 L oA 1 L YHar _R :"‘.T_:J.':_'.', o o e [ e PR AN A
SR e T g AT (RS %&{H;‘](::;-)—; Hl”f”"”’H*Ea(.\-ﬁ-) Sk
: : , ) o ot e o)) )
Operating with the local fractional Laplace transform
inverse on both sides of Eq. (4.11) we obtain - 5, 3a
B =Eq(r” \ r(1 &) [(=3c)
Alx =_::'_ Eqly™)+Ly :_:,:,.' Zx i Hilx : @ 3
. (4.12) =—E,(3* P
L i ] R | 1'(1 o) T(l+3a) )
Hy(3) =————Eo(v ) + L] = Lt Ha (30— /
Derivative both sides Eq. (4.12) with respect to x, we HI:(A-;J-):H“(.\-J)fmi -
o
get ol ; e ;- 5. ; R h
[T if{H(uwaE(w o
ol o& of=| s oy J// )
(4.13) Hy(x,v)=H, (x.v)— m
ety o (o 1, [ e S HEI )L e g
T!‘\ 6;»/ 6:«,:4 £rz\j:_z J{Hil(::.‘) (:/‘_\':'Z J,H-*—El/(\ )/ ?)
Making the correction function is given
1 [ gl Sa
Hyy (%) = le(x:".)_l"(l-*—a)x =Eg(\‘a\_\? r“ . pha N -1.‘(1.7 {
) A T(+a) T(+3a) T(1+5a) |
c'Hj,t(a: ¥) ((i ) N !
od | . -
[ 5,30 4
N n P
H o (3.3) = Ha (23 4 (4.14) al | T(+a) T(1=3) T(15a)
¢ ”5 ) o
et
We can use the initial conditions to select o i 2k (ke
. . Hy (x.)=E_ ()Y — .
o a __x «y. Using this 2= Fa T(1+Qk+1)a)’
H100Y) = 1oy B ™) Hao0) == B (y) 9 o T+ 2k +1)a)
selection into the correction functional (4.14) gives the u Ve E () 7o ok (kD
following successive approximations: 2m(.0)=—E, (3 _|£71_{1_(2;\__m),
Hy =__ E. 07, Therefore, the series solutions can be written in the
= form
’ Flre Efr)=tm :.-:=£,,::_-::;_i'lﬂh:.:'ﬁ_-“m :
) e ' *E (4.15)
Halx fim oy (x,)==E, 0" ol 2
FH— '\II'_

156



University of Thi-Qar

Website: http://jsci.utg.edu.iq

Science (UTsci)

Email: utjsci@utg.edu.iq

Volume 6, Number 4, June 2018

5. Conclusions:

In this work we considered the coupling
method of the local fractional variational iteration
method and Laplace transform to solve Helmholtz and
coupled Helmholtz equations and their approximate
solutions were obtained. The results include an efficient
implement of the local fractional variational iteration
transform method to solve the partial differential
equations with local fractional derivative operator.
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