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stractAb 
      In this paper, numerical solution of Klein –Gordon equation is obtained by using differential quadrature method 

(DQM).This method is demonstrated by several examples. we compare the results with exact solution our results show 

this method is powerful and efficient for solve Klein –Gordon equation.  
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 خطيةلاجوردن الخطية وال–ل معادلة كمين حلطريقة التفاضل التربيعي  
 جبار حسين احمد

 ارجامعة ذي ق -كمية التربية لمعموم الصرفة
 

 الخلاصة
جوردن باستخدام طريقة التفاضل التربيعي ىذه الطريقو زودت بعدد من الامثمة ، قمنا بمقارنة النتائج التي حصمنا -في ىذا البحث تم حل معادلة كمين        

 .  جوردن-المعادلة واظيرت النتائج كفاءة الطريقة واىميتيا لحل معادلة كمينعمييا  باستخدام ىذه الطريقة مع الحل الحقيقي ليذه 
 

1. Introduction  
       It is well known that many phenomena in scientific fields such as solid state physics, plasma physics, fluid 

dynamics, mathematical biology and chemical kinetics, can be modeled by nonlinear partial differential equations. The 

nonlinear models of real-life problems are still difficult to solve either numerically or theoretically. Abroad class of 

analytical solutions methods and numerical solutions methods were used to handle these problems (Wang, 1988; Jeffery 

and Mohamed, 1991; Wadati, 1972).                    

Consider the nonlinear Klein –Gordon equation of the form:                                           
   (   )

   
    (   )    (   )   ( (   ))   (   )                                                   ( )  

 (   )    ( )          (   )    ( )                                                                               ( )  
Where b is a real number, G is a given nonlinear function, and f is a known function.  

      The Klein –Gordon equation is one of the more important mathematical models in quantum mechanics(Whitham, 

1974;Zauderer, 1983).The equation has attracted much attention in studying solutions in a collision less plasma, the 

recurrence of initial states, and in examining the nonlinear wave equations (Dodd et al., 1982) . With reference to the 

numerical solution for this problem we can see many published papers. Many authors (Deeba and Khuri, 1996;El-sayed, 

2003;Kaya and El-Sayed, 2004;Wazwaz, 2006) used Adomain's decomposition method for solving linear and nonlinear 

Klein –Gordon equations. Inc (2006) investigate the special exact solutions of the modified nonlinearly Klein –Gordon- 

type equations by using some ansatze, and obtained new soliton solution with compact support and solitary pattern 

solutions having infinite slopes or cusps,  solitary wave and periodic solutions. Wazwaz ( 2006) studied the nonlinear 

Klein – Gordon equations with power law nonlinearities, used the tenth method for analytic treatment for these 

equations. The analysis leaded to travelling wave solutions with compactons, solitary patterns and periodic structures.                                                                                                     
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 Another powerful analytic method, called (DQM), was originally developed by simple analogy with integral 

quadrature, which is derived using the interpolation function (Bellman, R.and Casti, J.1971) and (Bert,C.W and Mailk, 

M.1996) .Currently; many engineers apply numerical techniques to solve sets of linear algebraic equations. They 

include the Rayleigh-Ritz method, the Galerkin method, the finite element method, the boundary element method and 

others, which are applied to solve partial differential equations. Bellmanet al.(Bellman, R. and Cast, J.1971) and 

(Bellman, R.E, kash B.G. and Casti, J.1997) first introduced the differential quadrature  method. His work has been 

applied in diverse areas of computational mechanics and many researchers have claimed that the differential quadrature 

approach is a highly accurate  scheme that requires minimal computational efforts. Differential quadrature has been 

shown to be a powerful tool for solving initial and boundary value problems,  Thus has became an alternative to existing 

methods. Bert et al. (Feng, Y. and Bert, C.W. 1992), and (Chen, W.L., Striz, A.G and Bert, C.W., 2000) who 

investigated the static and free vibration of beams and rectangular plates using the (DQM),  proposed the technique that 

can be applied to the double boundary conditions of plate and beam problems. In this approach boundary points are 

chosen at a small to ensure the accuracy of the solution, in this paper we introduce (DQM) as a powerful important 

method and obtained results by this method are excellent and high accuracy where compare with exact solution .by 

using several examples.                                                                                                                                         

2.  Differential Quadrature Method (DQM) 
      For a function, f(x, t), the (DQM) approximation for the m order derivative at the     sample point is given as 

follows (Han, J.b.and  Liew, K.M.1999)  

  

   
{

 (    )

 (    )
 

 (    )

}  *   
( )
+ {

 (    )

 (    )
 

 (    )

}                                                     ( )  

      Where  (    ) the functional value at grid is point   , and    
( )

 is the weighting coefficient of the m order 

differentiation of these functional values. The most convenient technique is to choose equally spaced grid points, but the 

numerical results were inaccurate in this work when equally spaced points were selected. This finding demonstrates that 

the choice of a grid points distribution and the test functions markedly influence the efficiency and accuracy of the 

results in some cases. The selection of grid points always importantly affects solution accuracy. In the numerical 

experiments, we can used the two types of grid point                                                      

  Either chebyshev-Gauss-Lobatto grid points (   Liew, K.M., Han, J.B. and Xiao, Z.M.1996)                                                                                                                                                                

   
 

 
(     

(   ) 

   
)                                                                            ( )  

Or uniform grid points         ,   i=1,2,…,N where      and   (   )  .                     

The differential quadrature weighted coefficients can be derived using numerous techniques. To overcome the 

numerical poor condition in determining the weighted coefficient,    
( )

the following Lagrange interpolation polynomial 

is introduce (Du, H., Liew, K.M. and Lim, M.K., 1996) .                                                                             

 (   )  ∑
 ( )

(    )  (  )
 (    )                                                                                ( )

 
     

 
Where                                                                                                                                

 ( )  ∏ (    )
 
    , 

and  

  ( )  ∏ (    )
 
                      . 

Substituting eq. (5) into eq. (3) yield the following equation s 

   
( )  

  (  )

(     )  (  )
                                                                          ( )  

and  

   
( )
  ∑    

( )
                                                                                  ( ) 
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Once the grid points are selected, the coefficients of  the weighted matrix can be acquired using equations (4) and (5). 

Notably, the numbers of test functions exceed the highest order of the derivative in the governing equations. High-order 

derivative of weighted coefficients can also be acquired using matrix multiplication ,  as follows:                                                                                                                              

   
( )
 ∑    

( )
   
( )
                                                                                         ( ) 

     

   
( )
 ∑    

( )
   
( )
                                                                                         ( ) 

     

   
( )
 ∑    

( )
   
( )
                                                                                        (  ) 

     

3. Numerical scheme for Klein- Gordon equation 
        The space derivative in equation (1) is approximated by the polynomial differential quadrature method. This 

equation can be changed in to the following form:- 
   (    )

   
  *   

( )
      

( )
     

( )
+  (    )    (    )    (    )   (    )       (  )    

And equation (2) can be written as:- 

 (    )    ( )     
  (    )

  
   ( )                                                                                 (  )  

                       
This system of ordinary differential equation can be solved by using finite difference method or slandered Rung-Kutta 

method (Rk4) for higher system. 

4. Finite difference method  
    In this section we replacing the time derivative by a central difference scheme         

    
(                   )

   
                                                                                                                 (13)   

The equation (11) becomes                                                                                          

 
(                   )

   
  *   

( )
      

( )
    

( )
+  (    )    (    )    (    )    (    )                                   (  )   

 

           
 [*   

( )      
( )    

( )
+  (    )    (    )    (    )   (    )]                          (  ) 

                                                                                                                           

For j=0 and from the initial condition   (    )    ( ) and the central difference scheme    
             

   
   we have 

          

   
   ( )                                                                                      

                  ( )                                                                                                (  )  
Substitution equation (16) into equation (15) we get        

            
(   )

 
[*   

( )      
( )    

( )
+  (    )    (    )    (    )   (    )]      

      ( )                                                                                              (  )                                      
 

Above  equation use at j=0 and when j=1, 2, ..., n+1, we use equation (15) 

5. Applications 
Example 1: 
    Consider the linear Klein-Gordon equation (El-sayed, 2003)      

                  [   ]  [   ]  
With following conditions  

 (   )        ( )        (   )     
Whose exact solution is: 

 (   )     ( )      ( )  
By using DQM we obtain 

   (    )

   
 *   

( )        
( )            

( )
+  (    )   (    )  
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 Andtheinitialcondition     (    )       (  )   
  (    )

  
    

   

This system solved by using finite difference to obtain: 

 

 

 
1.000 0.8000 0.6000 0.4000 0.2000 0.000 x    \     t 

6345.1 63..11 636146 631111 631011 631111 0 

631.11 635.06 63011. 636110 63664. 63114. 050900 

631110 631141 6340.4 635614 63.411 63..11 054300 

036414 631546 6311.1 631111 631011 631111 056030 

03.011 0360.0 631160 631111 631116 631116 059030 

03.111 036110 031011 631005 631164 631564 150000 

     

 

 

1.000 0.8000 0.6000 0.4000 0.2000 0.000 x    \     t 
6345.6 63..15 636144 631166 631016 631111 0 

631.15 635.01 630111 636115 636645 63114. 050900 

631161 631116 634056 635611 63.411 63..11 054300 

036461 631510 631150 631111 631011 631111 056030 

03.010 0360.1 631161 631110 631110 631116 059030 

03.151 9871.2 9829.2 631004 631164 631564 150000 

   
 

 

1.000 0.8000 0.6000 0.4000 0.2000 0.000 x    \     t 

0.000069803 1311151510 13111.14.1 131110665 5.9308e-05 1.0000 0 

1311111116 1311111116 1311151111 131110510. 6.6146e-05 131110 050900 

131164116 131161111 1311110411 1311101.. 6.6909e-05 1.0000 054300 

13116..51 13116144. 13111105. 1311101561 6.6781e-05 131110 056030 

1311116141 13111..111 1311156111 131110.111 6.6153e-05 131110 059030 

1311064.6 13111.6611 1311161611 13111611.4 5.675e-05 131110 150000 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table (1): Approximate solution for example 1 

Table (2): exact solution for example 1    

 

Table (3): absolute error for example 1 

Fig. (1): Exact and approximate solution 
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Example 2: 
      Consider the nonlinear Klein-Gordon equation (Wazwaz, 2006) :   

         
     (     )                [   ]  [      ]  

     
With following conditions: 

 (   )               (   )     
Whose exact solution is 

 (   )        
By using  DQM we obtain: 
   (    )

   
 *   

( )        
( )         

( )
+   (    )  ( (    ))

      (  
    )    

     

And the initial condition   (    )      
  (    )

  
    

    This system solved by using finite difference to obtain 

 
 

 

0.01 0.008 0.006 0.004 0.002 0.000 x    \     t 
-287.. e-026 3.3881e-027 3.3881e-027 1.0000 1.0000 1.0000 0 

8.3555e-010 4.1778e-010 1.6711e-010 4.1778e-011 131110 131110 050900 

3.9588e-008 1.9794e-008 7.9177e-009 1.9794e-009 1.0000 1.0000 054300 

2.6916e-007 1.3458e-007 5.3832e-008 1.3458e-008 131110 131110 056030 

7.1041e-007 3.552e-007 1.4208e-007 3.552e-008 131110 131110 059030 

9.6e-007 4.8e-007 1.92e-007 4.8e-008 131110 131110 150000 

               

 
 

0.01 0.008 0.006 0.004 0.002 0.000 x    \     t 
1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0 

8.7075e-010 4.4582e-010 1.8808e-010 5.5728e-011 6.966e-012 131110 050900 

4.1239e-008 2.1115e-008 8.9077e-009 2.6393e-009 3.2992e-010 1.0000 054300 

2.8038e-007 1.4355e-007 6.0562e-008 1.7944e-008 2.243e-009 131110 056030 

7.4001e-007 3.7889e-007 1.5984e-007 4.7361e-008 5.9201e-009 131110 059030 

1e-006 5.12e-007 2.16e-007 6.4e-008 8e-009 131110 150000 

  

         
 

0.01 0.008 0.006 0.004 0.002 0.000 x    \     t 
9.148e-026 3.3881e-027 3.3881e-027 1.0000 1.0000 1.0000 0 

3.5197e-011 2.8047e-011 2.0971e-011 1.395e-011 6.966e-012 131110 050900 

1.6509e-009 1.3203e-009 9.9001e-010 6.599e-010 3.2992e-010 1.0000 054300 

1.1218e-008 8.9734e-009 6.7296e-009 4.4862e-009 2.243e-009 131110 056030 

2.9604e-008 2.3682e-008 1.7761e-008 1.184e-008 5.9201e-009 131110 059030 

4.0004e-008 3.2002e-008 2.4001e-008 1.6e-008 8e-009 131110 150000 

 

 

            

Table (4): Approximate solution for example 2 

Table (5): exact solution for example 2 

Table (6): absolute error for example 2 
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Example 3: 
     Consider the linear Klein-Gordon equation (Deeba and Khuri, 1996):  

                  ( )     ( )            [   ]  [   ]  
With following conditions: 

 (   )               (   )      ( )  
And exact solution: 

 (   )     ( )    ( )  
By using DQM we obtain: 
   (    )

   
 *   

( )        
( )           

( )
+  (    )    (    )      (  )     ( )  

And the initial condition   (    )      
  (    )

  
      (  ) 

  This system solved by using finite difference to obtain: 

 

 

 
 

1.000 0.8000 0.6000 0.4000 0.2000 0.000 x    \     t 
13111..111 131116111. 0.00002439 0.0000029789 1.000 1.000 0 

13116606 13111111 131450.1 131.1.11 13161111 13111 050900 

1301154 1305515 1361016 136.011 131111.0 13111 054300 

1346116 1355160 13.510. 130.11 1360614 13111 056030 

1311145 1341150 1355166 13.1105 1364100 13111 059030 

131651 131114. 1351110 13.0114 1361101 13111 150000 

 

          

 
1.000 0.8000 0.6000 0.4000 0.2000 0.000 x    \     t 
1.000 1.000 1.000 1.000 1.000 1.000 0 

131110.6 13111.11 1314.1.1 131.16. 13161150 13111 050900 

1301511 1305015 1361600 136.611 13111016 13111 054300 

1346001 135.11 13.5.15 130.111 1360115 13111 056030 

131164 1341.1. 1355.11 13.116. 1364161 13111 059030 

1311111 1311.1. 135146. 13.0111 1361161 13111 150000 

 
 

Fig. (2): Exact and approximate solution 

 

Table (7): Approximate solution for example 3       

Table (8): exact solution for example 3 
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1.000 0.8000 0.6000 0.4000 0.2000 0.000 x    \     t 
13111..111 131116111. 0.00002439 0.0000029789 13111 13111 0 

1311111.. 1311141110 1311151101 1311104144 1311160111 13111 050900 

13110516. 131161114 13116.114 1311116101 1311154115 13111 054300 

13115540. 1311.5651 13110511 131161.15 1311116111 13111 056030 

1311115.0 131155161 1311.0.16 1311066.5 131161516 13111 059030 

131111010 13115111. 1311.511. 13110011 131166611 13111 150000 

 

          

 
 

Example 4: 
    Consider the nonlinear Klein-Gordon equation:  

         
                            [   ]  [   ]    

 

With following conditions: 

 (   )               (   )     
And exact solution: 

 (   )      ( )  
By using DQM we obtain: 
   (    )

   
 *   

( )        
( )           

( )
+  ((    )  ( (    ))

           
        

And the initial condition     (    )      
  (    )

  
    

This system solved by using finite difference to obtain: 
 

 

   
1.000 0.8000 0.6000 0.4000 0.2000 0.000 x    \     t 

131101.11 1311151414 0.000062933 4.2633e-015 2.1316e-016 1.000 0 

1314.145 13111154 13111116 131111.4 1311.410 13114510 050900 

1361611 1305051 1301445 13.6100 13..141 13.5451 054300 

13.1114 135161 1345611 1311.16 1315650 1314546 056030 

1346501 131511 131511 131..46 1311150 1311546 059030 

1341661 1311111 1310101 1310641 1311 6 150000 
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Table (9): absolute error for example 3    

Fig. (3): Exact and approximate solution 

 

Table (10): Approximate solution for example 4  
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1.000 0.8000 0.6000 0.4000 0.2000 0.000 x    \     t 

1.000 1.000 1.000 1.000 1.000 1.000 0 

13146415 131114. 1311116. 1311114. 1311.411 13114510 050900 

1361111 1305116 1301464 13.6100 13..11 13.5451 054300 

13.4.1. 13541 1345161 1311015 1315651 1314546 056030 

1351116 131.161 1315140 131..66 1311151 1311546 059030 

13451. 1311116 13104.5 1310611 1311111 6 150000 

          

 

 
1.000 0.8000 0.6000 0.4000 0.2000 0.000 x    \     t 

131101.11 1311151414 6.2933e-005 4.2633e-015 2.1316e-016 13111 0 

131106415 1311146511 4.8218e-005 1.8004e-005 6.3576e-06 13111 050900 

131140116 13116111. 13111.1101 2.8083e-006 2.3002e-05 13111 054300 

13165061 131141161 1311641. 131116155. 4.3576e-05 13111 056030 

13104414 1316110 1311.6151 1311151460 6.022e-05 13111 059030 

131.1141 1316.114 1311.1001 1311140.16 6.6578e-05 13111 150000 

              

 

 
 

 

Conclusion  
     In this work, we calculated the approximation 

solution of the Klein –Gordon equation  by using the 

(DQM),we solve several example of  linear and 

nonlinear equation , our results show near the 

approximate solution to the exact solution which means 

important ,powerful and efficient method for solve this 

equation .                                                                                                                           
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