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Differential Quadrature Method for solving the linear and nonlinear Klein - Gordon

Equation
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Abstract
In this paper, numerical solution of Klein —Gordon equation is obtained by using differential quadrature method
(DQM).This method is demonstrated by several examples. we compare the results with exact solution our results show
this method is powerful and efficient for solve Klein —Gordon equation.
Keywords: Differential Quadrature method, Klein —Gordon equation finite difference method.
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1. Introduction

It is well known that many phenomena in scientific fields such as solid state physics, plasma physics, fluid
dynamics, mathematical biology and chemical kinetics, can be modeled by nonlinear partial differential equations. The
nonlinear models of real-life problems are still difficult to solve either numerically or theoretically. Abroad class of
analytical solutions methods and numerical solutions methods were used to handle these problems (Wang, 1988; Jeffery
and Mohamed, 1991; Wadati, 1972).
Consider the nonlinear Klein —Gordon equation of the form:

azgg.t) Fuy, (x, ) + bu(x, t) + G(u(x, t)) = f(x,t) (1)

u(x,0) = ap(x),  ue(x,0) = a;(x) (2)
Where b is a real number, G is a given nonlinear function, and f is a known function.

The Klein —Gordon equation is one of the more important mathematical models in quantum mechanics(Whitham,
1974;Zauderer, 1983).The equation has attracted much attention in studying solutions in a collision less plasma, the
recurrence of initial states, and in examining the nonlinear wave equations (Dodd et al., 1982) . With reference to the
numerical solution for this problem we can see many published papers. Many authors (Deeba and Khuri, 1996;EI-sayed,
2003;Kaya and El-Sayed, 2004;Wazwaz, 2006) used Adomain's decomposition method for solving linear and nonlinear
Klein —Gordon equations. Inc (2006) investigate the special exact solutions of the modified nonlinearly Klein —Gordon-
type equations by using some ansatze, and obtained new soliton solution with compact support and solitary pattern
solutions having infinite slopes or cusps, solitary wave and periodic solutions. Wazwaz ( 2006) studied the nonlinear
Klein — Gordon equations with power law nonlinearities, used the tenth method for analytic treatment for these
equations. The analysis leaded to travelling wave solutions with compactons, solitary patterns and periodic structures.
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Another powerful analytic method, called (DQM), was originally developed by simple analogy with integral
quadrature, which is derived using the interpolation function (Bellman, R.and Casti, J.1971) and (Bert,C.W and Mailk,
M.1996) .Currently; many engineers apply numerical techniques to solve sets of linear algebraic equations. They
include the Rayleigh-Ritz method, the Galerkin method, the finite element method, the boundary element method and
others, which are applied to solve partial differential equations. Bellmanet al.(Bellman, R. and Cast, J.1971) and
(Bellman, R.E, kash B.G. and Casti, J.1997) first introduced the differential quadrature method. His work has been
applied in diverse areas of computational mechanics and many researchers have claimed that the differential quadrature
approach is a highly accurate scheme that requires minimal computational efforts. Differential quadrature has been
shown to be a powerful tool for solving initial and boundary value problems, Thus has became an alternative to existing
methods. Bert et al. (Feng, Y. and Bert, C.W. 1992), and (Chen, W.L., Striz, A.G and Bert, C.W., 2000) who
investigated the static and free vibration of beams and rectangular plates using the (DQM), proposed the technique that
can be applied to the double boundary conditions of plate and beam problems. In this approach boundary points are
chosen at a small to ensure the accuracy of the solution, in this paper we introduce (DQM) as a powerful important
method and obtained results by this method are excellent and high accuracy where compare with exact solution .by
using several examples.

2. Differential Quadrature Method (DOM)

For a function, f(x, t), the (DQM) approximation for the m order derivative at the x; sample point is given as
follows (Han, J.b.and Liew, K.M.1999)

f(xg,t) f(x1,t)
aaxm f (xz.t) [ (m) f(xz' fori,j=12,..,N. 3)
f(xN't) f(let)

Where f(x;,t) the functional value at grid is point x;, and a(m) is the weighting coefficient of the m order

differentiation of these functional values. The most convenient technlque is to choose equally spaced grid points, but the
numerical results were inaccurate in this work when equally spaced points were selected. This finding demonstrates that
the choice of a grid points distribution and the test functions markedly influence the efficiency and accuracy of the
results in some cases. The selection of grid points always importantly affects solution accuracy. In the numerical
experiments, we can used the two types of grid point

Either chebyshev-Gauss-Lobatto grid points ( Liew, K.M., Han, J.B. and Xiao, Z.M.1996)

xX; = (1 — cos= Dn) fori=1,.2,. 4)

Or unlform grid points x; = x4 + ih, i= 1 ,2,...,N where x; =aand h = (b — a)/h.

The differential quadrature weighted coefficients can be derived using numerous techniques. To overcome the
numerical poor condition in determining the weighted coefficient, Dl.(}")the following Lagrange interpolation polynomial

is introduce (Du, H., Liew, K.M. and Lim, M.K., 1996) .
M(x)

flot) =Xz 1mf(xi, t). 5)
Where

M(x) =1 (x —xp)

and

My(x) = [T}y ;(x — %) fori=12,..,N.
Substituting eq. (5) into eq. (3) yield the following equation s

@ _ M) o o
%"= GGy 07 0 = V2 Nand L2 ), )
and

1 (1 .

l(l) -3V jsia j)fOTl=1,2,...,N. (7)
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Once the grid points are selected, the coefficients of the weighted matrix can be acquired using equations (4) and (5).
Notably, the numbers of test functions exceed the highest order of the derivative in the governing equations. High-order
derivative of weighted coefficients can also be acquired using matrix multiplication , as follows:

2 . .

(]) Ilg 1al(k)al(c]) fOT' L] = 1,2,..,N (8)

3 1 ..

l(]) Ilg 1al(k)al(c]) fOT' L] = 1,2,..,.N (9)
al(;l-) 1]‘\7] 1al(li)al(q) fOT l;] = 1,2, ,N (10)

3. Numerical scheme for Klein- Gordon equation
The space derivative in equation (1) is approximated by the polynomial differential quadrature method. This
equation can be changed in to the following form:-

d? i
B = —[aff 0 ....a|u(x;,t) - bulx, ) - gulx, ©) = fGx, 1) (A1)
And equation (2) can be written as:-
d it
u(x,6) = aglo) 2 = g, (x) (12)

fori,j=12,..,N
This system of ordinary differential equation can be solved by using finite difference method or slandered Rung-Kutta
method (Rk4) for higher system.
4. Finite difference method

In this section we replacing the time derivative by a central difference scheme

(Ui je1—2U; 54U j—1)
U = AL2 (13)

The equation (11) becomes

Ujj41—2U4 UG j—
(i1 Atzf 11):—[(1%) 1(22) . m]u(x],t) bu(x;,t) — gu(x;,t) — f(x;,t) (14)

= Uy = —At? [[ 2 (2) . (2)] u(x],t) bu(x;,t) — gulx;,t) — fxp )|+ 2uy; —ujj—q (15)

For j=0 and from the initial condition u;(x;,t) = a,(x) and the central difference scheme u; = u‘"“z—Atu""l we have
Uj1—Uj—1

o = a()

- U = U;; — 20t as(x) (16)

Substitution equation (16) into equation (15) we get

(at*)
U, = _T[[ @ @ (2)]u(x],t) bu(x;, t) — gu(x;, t) — f(xl,t)]+ulo

+ Ataq(x) a7

Above equation use at j=0 and when j=1, 2, ..., n+1, we use equation (15)
5. Applications

Example 1:
Consider the linear Klein-Gordon equation (El-sayed, 2003)

Up — Uy =u QL =1[0,1] X [0,1]

With following conditions
u(x,0) =1+sin(x) u(x,0)=0
Whose exact solution is:
u(x,t) = sin(x) + cosh(t)
By using DQM we obtain

dlu(xit) [ (2) (2) (2)
T [ 11 12 'U.(x], t) + u(xu t)
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du(xj0)

dt 0

Andtheinitialcondition u(x;,0) = 1 + sin(x;) ,

This system solved by using finite difference to obtain:

Table (1): Approximate solution for example 1

X \ t 0.000 0.2000 0.4000 0.6000 0.8000 1.000

. Yooeos AR Y. A4 Y A0 Y FYV. Y o5y,
YY) Y. 907 Y AYor Y AVAY YXAY Y ETY) Y ATVY
TY Y YFAY Y FOAY y.¢V40 yoYro Y Avo. Y ANY
L note Y RAA Y AYAA Y AT y.vars Y 450) Yio.o
“A.t0 Y VAT Y AT Y.ATY. Y avyY YAYYY Y¥YaA
Yoeeen Y AEYO Y. ATV o Y aYve Y.ovay Y vay Y YATY

Table (2): exact solution for example 1

X \ t 0.000 0.2000 0.4000 0.6000 0.8000 1.000

. Y oo YY) RYSE Y Y Aoo Y YYVE Y.oET)
YY) Y .90Y7 RREY AT Y YAA Y EYYA Y AYAE
“¥ioo Y YYAY Y YOAY KN Yove) TR Y AMY
L note Y T AA Y TYAA Y TAQA Y VaEY yagnyY Yohq
‘A.to Y VAT Y ARY Y ATYY Y.avis YAYYTS YrYay
Yoeeen YAV Y ATYo yaYYe Y.ovia Y VA4 Y YALT

Table (3): absolute error for example 1

x \ ot 0.000 0.2000 0.4000 0.6000 0.8000 1.000

. +.0000 | 5.9308e-05 R R REA USERRR CAR N BEUCRRE AR AN 0.000069803
w0400 vl 6.6146e-05 Voo YEAYY voeea g4avay vV R VR
W Yeoo +.0000 6.6909e-05 Voo YVYYY vovaayot oY AAT ooy
W JRete vl 6.6781e-05 v YV RSN EERRE-T-Ay EERRREAY
At e v 6.6153e-05 voee s YYAYA DEEEEAR AR coaaa YYLAA R R RYAY
Voo DR ()] 5.675e-05 v e YVAaYoe DEEERERR N DEEEARREAY EEA RE-A 0

Differential Quadrature method The exact solution

Fig. (1): Exact and approximate solution
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Example 2:
Consider the nonlinear Klein-Gordon equation (Wazwaz, 2006) :

Upe — Uy + U2 = 6xt(x% — t2) + x°t°

With following conditions:
u(x,0)=0
Whose exact solution is
u(x, t) = x3t3
By using DQM we obtain:

2 .
d u(x;t) — [a(Z)

dt?

And the initial condition u(x;,0) =0,

i1

u:(x,0) =0

a(z) (2)

in

i2 a

u(xj, t) — (ulx;, ) + 6x;t(xf — t2) + xPt®
du(x;0)

dt

Vol.4 (3)

This system solved by using finite difference to obtain

Table (4): Approximate solution for example 2

Q =[0,1] x [0,0.01]

x \ t 0.000 0.002 0.004 0.006 0.008 0.01
.0000 +.0000 +.0000 3.3881e-027 3.3881e-027 1.1 ¢A-e-026
v,400 00 RRRLY) 4,1778e-011 1.6711e-010 4.1778e-010 8.3555e-010
Yoo .0000 +.0000 1.9794e-009 7.9177e-009 1.9794e-008 3.9588e-008
Jlege ++0 +.000 1.3458e-008 5.3832e-008 1.3458e-007 2.6916e-007
Aege 40 ++0 3.552e-008 1.4208e-007 3.5652e-007 7.1041e-007
Yoo 40 ++0 4.8e-008 1.92e-007 4.8e-007 9.6e-007
Table (5): exact solution for example 2
X \ t 0.000 0.002 0.004 0.006 0.008 0.01
. .0000 +.0000 +.0000 +.0000 +.0000 +.0000
v, 400 00 6.966e-012 5.5728e-011 1.8808e-010 4.4582e-010 8.7075e-010
Yoo .0000 3.2992e-010 2.6393e-009 8.9077e-009 2.1115e-008 4.,1239e-008
Jlege «:0 2.243e-009 1.7944e-008 6.0562e-008 1.4355e-007 2.8038e-007
Aege 40 5.9201e-009 4.7361e-008 1.5984e-007 3.7889e-007 7.4001e-007
Yooeen 40 8e-009 6.4e-008 2.16e-007 5.12e-007 1e-006
Table (6): absolute error for example 2
x \ t 0.000 0.002 0.004 0.006 0.008 0.01
. +.0000 +.0000 +.0000 3.3881e-027 3.3881e-027 9.148e-026
«.vd00 00 6.966e-012 1.395e-011 2.0971e-011 2.8047e-011 3.5197e-011
«Yéoo +.0000 3.2992e-010 6.599¢e-010 9.9001e-010 1.3203e-009 1.6509e-009
«Jlege «:0 2.243e-009 4.4862e-009 6.7296e-009 8.9734e-009 1.1218e-008
Aete 40 5.9201e-009 1.184e-008 1.7761e-008 2.3682e-008 2.9604e-008
\REEE 40 8e-009 1.6e-008 2.4001e-008 3.2002e-008 4.0004e-008
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Differential Quadrature method The exact solution
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. Fig. (2): Exact and approximate solution
Example 3:
Consider the linear Klein-Gordon equation (Deeba and Khuri, 1996):

U — Uyy — 2U = —2 sin(x) sin(t) Q =1[0,1] x [0,1]
With following conditions:
u(x,0) =0 u;(x,0) = sin(x)
And exact solution:
u(x, t) = sin(x) sin(t)
By using DQM we obtain:

dupt) _ [ () () ) ; ;
— = [ail ;5 e Qg ]u(xj‘,it) + 2u(x;, t) — 2 sin(x;) sin(t)
And the initial condition u(x;,0) =0 % = sin(x;)

This system solved by using finite difference to obtain:

Table (7): Approximate solution for example 3

X \ ot 0.000 0.2000 0.4000 0.6000 0.8000 1.000

. +.000 +.000 0.0000029789 | 0.00002439 | «.++ )T | v v 02 YYVYV
Vo800 e AR TR RARARY C A O0EYYY L CTAAAT oAV YYD
WYeoeo v o TVYYYY »IYYVA AR A C YEEAS + YAVéo
Roege v « YY\Vo C YYAY renyy EEWYY CARAA
v At0 v L Yovyy c YOAY S CEEVYY V OTALY «Aves
Voveen Ve < YTAYA +.YYdde cEYATY Aoy cVYEA

Table (8): exact solution for example 3

x \ t 0.000 0.2000 0.4000 0.6000 0.8000 1.000

~ +.000 +.000 +.000 +.000 +.000 +.000
YY) CVAEY LT Y L OTAYY L TATAY CAAYTY
LYtoo L OTYYAY CATVAA ERRE L YeYas L YAEAY
L Reto LY. q¢ CXTVLY L YEYVE LEvy LoVYY
vAt0 CAOTVA LYoy CEETAA L oray BEEET
Yoooos VY CYYVIA LEVeLY RS AT, CYAAY

ARA
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Table (9): absolute error for example 3

x \ t | 0.000 0.2000 0.4000 0.6000 0.8000 1.000

. T s 0.0000029789 | 0.00002439 | .+« ) +3IT | + o 2¥TVVA
YY) Crr | e YTAY | 0 eeaY0T00 | v aei£4YR | 4 a2 aOAMAY | 1 ieaAAYY
L Yioo T T e i R SIS L CAVYAAG | v aeNA..0 | v aaYEAVY
“ote T RS IR TSEIEY: RS CaYEVET | . a.gfoYY
cA.t0 e | e CaYYE CarYTY CArEEAIT | v eanagry
Yoovos e | eenay CaaYYIn CATEANY | e e EARTY | e TVTAY

Differential Quadrature method The exact solution

Fig. (3): Exact and approximate solution
Example 4:
Consider the nonlinear Klein-Gordon equation:
Upe — Uy + U% = —xcost + x2cos?t Q=1[0,1] x [0,1]

With following conditions:
u(x,0)=0 u:(x,0) =0
And exact solution:

u(x, t) = xcos(t)

By using DQM we obtain:

2 .
%txz“t) = [ l(f) ag) alg,zl)] u((xj,t) — (u(x;, £))? — x;cost + x;2cos?t
And the initial condition u(x;,0) =0 ,% =

This system solved by using finite difference to obtain:

Table (10): Approximate solution for example 4

x \ t 0.000 0.2000 0.4000 0.6000 0.8000 1.000

. +.000 2.1316e-016 4.2633e-015 | 0.000062933 | +.+++£€Acq0 | + 00XV
v, 0400 v vq0€9Y o AYOAY 2 AYAYe v YAATY vV o AR
WYeoeo +Yéogn « YYACA YYAYY + YAoo¢ e Yevea + YAYAA
R v lego) R ARAT Y AR CENVY + YVAe
A0 v A0¢0) CAATEY VAYY ) L vedy R AR R
Voo e \ < AA +AYYoA + AYAYT cVeavy - ARNS

ARA
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Table (11): exact solution for example 4
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x \ 0.000 0.2000 0.4000 0.6000 0.8000 1.000
. +.000 +.000 +.000 +.000 +.000 +.000
0400 «eq09y L AYeAA «vAvdey o YAMYY voeey «e0Y04¢
JYeoo «Yéogd L YYAT c YYAYY « YAoYo L YEWYY ATy
Rege ooy ey e U YAS CEERR! g0t Yovay
DA RE X v Aeg0) CAANTEA CAYYYY cvétoy AV YA EAAYY
\.~~~~ \ ~ﬁ/\~~\/ ~"H'\~'\ ~./\\‘°Vi n“\‘\’\ ~.°£~V
Table (12): absolute error for example 4
x \ 0.000 0.2000 0.4000 0.6000 0.8000 1.000
. LR 2.1316e-016 4.2633e-015 6.2933e-005 SRERE LAY SRR R )
vrde0 e 6.3576e-06 1.8004e-005 4.8218e-005 SERRCARATA ERR RIS
¥too N 2.30026-05 | 2.80838-006 | +.++:YARYT | o VATY | . eo¥.T)
JRege R 4.3576e-05 ~.~~~\1iir ~‘~~\°‘\T' ~‘~~°\’~\q ~.~\i\'\q
vAege Vo 6.022e-05 R XEAR e YYIVEA DERRAA « v YooAo
\.~~~~ “ v 665789'05 ~'~~~°YT4~\ ~‘~~Vi\‘*~1 ~‘~\V~TO .,.K‘u\c'l
Differential Quadrature method The exact solution
Fig. (4): Exact and approximate solution
Conclusion Reference
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our

linear and
results show near the
approximate solution to the exact solution which means

important ,powerful and efficient method for solve this

equation .
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