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Abstract

The aim of this paper, giving a new definition of semi-Regular and semi weak Regular spaces in
Intuitionistic topological space in additional to studying some correlated equation with several example.
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1- Introduction:

The concepts of fuzzy set was introduced by Zadeh (1965) in his classical paper. A fuzzy set A in X is
afunction from X to the unit interval [0,1]. For any x in X the number A(x) is called the membership degree of
xinA.

After the discovery of the fuzzy subset , much attention has been paid to generalize the basic concept of
classical topology in fuzzy setting and thus a modern theory of fuzzy topology has been developed .The
notion of fuzzy subset naturally plays avery significant role in the study of fuzzy topology which was
introduced by Chang C.L. in (1968) also Bayhan and Coker in (1996).

In 1983 , Atanassov introduced the concest of “Intuitionistic fuzzy set”’and Atanassov 1984 and 1986
using a type of generalized fuzzy set Coker 1997 , while a fuzzy set gives a degree of membership of an
elementin a given set intuitionistic fuzzy sets given both degree of membership and a non-membership .Both
degrees belong to the interval [0,1] , and their sum should not exceed 1 , formally an intuitionistic fuzzy set A
in X was defined as an object of the form A = {(x, us(x), v4(x): x € X)} where p,(x) is called the degree of
membership of x in A and y4 (x) the degree of non- membership of x in A, And 0 < p, (x) + y4(x) < 1, for
each xe X . [2].
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After introducing the concept of fuzz sets by Zadeh 1965, several researches were conducted on
generalizations of notion of fuzzy set, and after the idea of intuitionistic fuzzy set which the first published by
Krassimir Atanassov 1988, also Atanassov with Stoeva 1983, many works appeared in the literature. Later,
the concept is used to define intuitionistic fuzzy special sets by [2], and intuitionistic fuzzy topological spaces
are introduced by Coker 2000, and Malghan, R.S. with Benchalli,S.S. 1981 also Fora A.A1989 in “Separation
axioms for fuzzy spaces ”and Separation axioms in intuitionistic fuzzy topological spaces by Bayhan.s. and
coker.D. 19996, 2003.

In this paper we introduced and studied the concept of regular and semi-regular space in intuitionistic
topological spaces and defend R(k) where k € {i, ii, iii, iv} , and study the relations of them with proved and
given counter examples .Also we introduced and studies the concept of weak regular and weak semi regular
space in intuitionistic topological spaces and study the relation of them with proofs and giving counter
examples.
2-Preliminaries :

Definition 2.[1]

Let X be a nonempty set .An intuitionistic fuzzy special set A is an object having the form A =<x , A,
A,>, where Al and A2 are subsets of X satisfying A1 A,=¢ .The set A; is called the set of members of A ,
while A, is called the set of non-members of A.

Properties 2.2[1]:

Let X be a nonempty set and the intuitionistic fuzzy special set A and B be in the form A4 =< x,
A, A, >,B =< x,By,B, > furthermore, let {Ai: i<l } be an arbitrary family of intuitionistic fuzzy special
sets in X where Ai=<x, Ai(1), Ai(2)>

.. AcBSACB&B,cCA,
,.,A=B& AcCB&BCA,

3-The complement of an intuitionistic set A in X is denoted by A and defined by A =< x, A, 4, >
4- FA = (x,A1,AS) , - SA = (x, A,, AS).
5-U4; = (xuAP,na?y , na; = (x,naPua?).

6'6:(36;@;)() ) X:(X,X,Q)

Definition 2.3 [1]:
Let X be a non-empty set, p € X be afixed elementin X, and let A =<x, Aj, A> be intuitionistic set
(1S, for short) , intuitionistic point p in X (IP, for short) is an intuitionistic set defined by p =
(x, {p}, {p}) .The vanishing intuitionistic point p in X (VIP, for short) in an intuitionistic set defined by
p = (x,0,{p}).
The IS P is said to be contained in Ap € A, for short) if and only if p € A; and similarly f,contained
in A (p€ 4, for short) ifand only if p € A, . For a given IS Aiin X, we may write A = (U {p:p € AP U
(U {(p:p € A}), and whenever A is not proper IS (i.e.if A'is not of the form A =< x, A;, A, > where
AL UA, # @), then A=U {p:p € Athold .
In general , any IS A in X can be written in the form A = AU A where A =U {p:p € A} and A =U
{p:p € A}
Proposition 2.4[2]:
Let X and Y be two nonempty sets and Let f be a function fromaset X toasetY :
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1- If B = (x,B;,B,) isan IS in Y then the preimage of B under f is denoted by f~*(B)isan IS in X and
defined by f~1(B) = (x,f*(By),, f 1 (B2)).
2- IfA=(x,A1,A;)isan IS in X, then the image of under f denoted (A)(y, f(A,), f(A,)) where f(A,) =
(f(A2))° .

Definition 2.5[3]:

An intuitionistic topology on a nonempty set X is a family T of an intuitionistic sets in X satisfying the

following conditions:

1-3,X €T

2- T is closed under finite intersections.
3- T is closed under arbitrary unions.

The pair (X,T) is called an intuitionistic topology space ( ITS, for short) . Any element in T is usually
called intuitionistic open set (IOS , for short). The complement of 10S ina ITS(X,T) is called intuitionistic
closed set ( ICS , for short).

Definition 2.6 [1]:
Let (X,T) bean ITS, then:

- T0.1={FG:G=<X,GI,02)ET}
—To2 =1{SG:G = (x,G1,G,) € T}, are intuitionistic topologies on X .
_T* = {Gl: G = (X, Gll Gz) € T}

—T" ={G5:G = (x,G1,G,) € T}, are topologies on X.
Next , we give the definition of interior and closure of IS A in ITS(X,T).
Definition 2.7[2]:
Let (X,T)bean ITSand let A = (x, A;, A,) be an intuitionistic subset (ISs , for short) in a set X . the interior
(IntA , for short) and closure (CIA , for short) of a set A of X are defined:
-IntA=U {G:G € A,G € T}.
-CIA=N{F:ACF,FeT}.
In other words , The IntA is the largest intuitionistic open set contained in A , and CIA is the smallest
intuitionistic closed set contained A , i.e. IntA € A and A < ClA.
Now , we give this remark and explain the converse is not true in general .
Remark 2.8:
Let (X,T)bean ITS,and U,VE T then ,if UNV =@ then, USVorV cU.
We have example to explain converse case is not true.
Example 2.9:
Let={a,b},A = (x,{a},®)and 4 = (x,®,{a}) then, AN A = (x,0,{a}) # @ where @ =
(x,0,X).But AnA #@ ,were AB€T.
Definition 2.10.[5]:
Let (X,T)bean ITSand let A = (x, A, A,) is said to be intuitionistic semi-open if A € cl(int(A)) The
family of all intuitionistic fuzzy semi open sets of an ITS (X, 7) is denoted by SO(X).
The complement of semi open set is semi closed set .

$3- Reqular in intuitionistic topological space:

Definition 3.1[4]:
Let X be nonempty set and T is an intuitionistic topological space , then (X,T) is said to be:
1) R(i)if foreach x € X and F € X, F is an intuitionistic closed set and X & F , there exist U,VET such

that xeUFSVand U NV = @.
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2) R(ii) if for each x € X and F € X, F is an intuitionistic closed set and ¥ ¢ F , there exist U,VET such
that ¥cU,FSVand U nV = @.

3) R(iii) if for each x € X and F € X, F is an intuitionistic closed set and X & F , there exist U,VET such
that ¥eUFSVand U c V.

4) R(iv) if for each x € X and F € X, F is an intuitionistic closed set and X & F , there exist U,VET such

that XeUF cVand U C V.

Theorem 3.2[4]:
Let (X,T) be an ITS, then the following implication are valid and the converse is not true in general :
RG) - R(ib)
) l
R(iii) - R(iv)

Proof : [4]
The counter example in [4]

$4- semi-Reqular space in intuitionistic topological space:
Now , we introduce new definition of semi- Regular space in intuitionistic topological space .

Definition 4.1:
Let X be nonempty set and T is an intuitionistic topological space , then (X, T) is said to be:
1) SR(i) if foreach x € X and F € X, F is an intuitionistic semi-closed set and ¥ & F , there exist U,Ve

SO(X) such that ¥eU,F SV and U NV = @.

2) SR(ii) if for each x € X and F € X, F is an intuitionistic semi-closed set and ¥ & F , there exist U,VeE
SO(X) such that ¥eU,F SV and U NV = @.

3) SR(iii) if for each x € X and F € X, F is an intuitionistic semi-closed set and X & F , there exist
U,Ve SO(X) such that ¥eU,F SV and U € V.

4) SR(iv) if for each x € X and F € X, F is an intuitionistic semi-closed set and ¥ & F , there exist
U,VeSO(X) such that ¥eU,FcVand U c V.

Theorem 4.2:
Let (X,T) be an ITS, then the following implication are valid and the converse is not true in general :
SR() & SR(ii)
! )
SR(iii) — SR(iv)

Proof:
SR(i)—SR(ii)
Vx € X ,VF € X, X &F Sinc(X,T)is SR(i) then there exists U,V€ SO(X) suchthatx € U,F S V ,
Unv=_g, We wont to prove that XeU,F CVandUNV = @.
Now foreachx € X ,foreach FS X,¥¢F ,X¢F >x€F, ,[¥€F,x&F,], That’simplies
¥eF=>x€F, ,x¢F, >%¢F
There exist U,V € SO(X) suchthat ¥ €U and FCSV,UNV=0 = ¥ € U, FSV , UNV=0
There for (X,T) is SR(ii)
SR(ii)—SR(i)
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Suppose x EX,F € X, X &F
Sinc (X, T) is SR(ii) then there exist U,V € SO(X) suchthat ¥ €U and ¥ ¢ F, F cV,UnV = 0.
Sinc X €U =x € US thusgk €U and ¥ ¢ F andUNV =@
Now X eU =>x € U, =>x¢U, =x €U5 . Therefor (X,T) is SR(i)
SR(iii)—SR(iv)
Suppose x € X,F € X, X¢F
We want to prove that U,V € SO(X) suchthat ¥ €U andFcV,UcV
LetX ¢ F= % € F, Sinc (X,T) is SR(iii) then there exist U,V € SO(X) suchthat ¥ €U and ¥ ¢ F
,F €V,UcV , sincgk eU=>%e€U,FcV,U < V.There for (X,T) is SR(iv)
SR(i)— SR(iii)
Vx € X ,VF € X, X¢F

Sinc (X,T) is SR(i) then there exists U,Ve SO(X) suchthatk € UFCV, UnV =0
We wont to prove that
UNnV=@ thenUCSV ,UNV = (U nNV,U,UV,) =(x,0,X)
Now U;nV, =0 ,U,uV,=X , U, SV ,U,C€V§ = UCV
There for (X,T) is SR(iii)
SR(ii)—SR(iv)
Vx € X ,VF € X,%¢F , Sinc(X,T)isSR(ii) then there exists U,V€ SO(X) suchthatk €e U,F SV ,
UNV=¢ , Wewonttoprovethat UNV =@ thenUCV
UnvV=(x,U nV,U,UV,) =(x,0,X)
Now U, nV,=0 ,U,uV,=X , U, cVf ,U,€V§f = UCcCV
There for (X,T) is SR(iv)
The converse is not true in general .
Now we give examples to the reverse implications of theorem 4.2:
Example 4.3:
SR(iv)»SR(iii) & SR(iv)»SR(ii)
LetX ={a,b} T ={0,X,A,B,C} , where A={x,0,{a}} ,B={x,0,{b}} .C={x,00} , SOX=T
GeX,i¢gF=A4 suchthat A ,B €S0X,suchthatGe BCB,FCA and ANB=20.
beX,bgF=B suchthat A ,B €SOX,suchthat@d€e ACA,FSB and ANB=0.
Then (X,T) is SR(iv) , but (X,T) is not SR(iii) , because is not semi open set such that @ € U.
Also (X,T) is SR(iv) but not SR(ii) because there is no semi open set V,U such that @ € U ,F € V and
unv=29.
SR(iii)»SR(i)
LetX ={a,b,c} T ={0,X,AB,C} , where A={x,0,{ab}} ,B={x0{3} ,C={x00} ,
SOX={X,9,4,B,C,D,E,F,G,H,1,L,M} where
D ={x{a,c},0}, E = {x, {a,c}, {b}} ,F ={x,{b,c},0} ,G = {x, {b,c}, {a}} VH = {x, @, {a}} , I =
{x.0,{p}} . L={x,0,{a,c}} . M={x01{bc}}
(X,T) is satisfy SR(iii) , but is not satisfy SR(i) because
beX,b¢ F=E suchthat E ,G €SOX,suchthatb€G,FCE and GNE# (.

then (X, T) is not SR(i)
Now , we give the relation of the different kinds of SR(k) where k = {i, ii. iii. iv} and kind of R(k) where
k = {i,ii.iii.iv} , which appears in definition 3.1 and definition 4.1.
Theorem4.4 .

Let (X,T) bean ITS, then the following implication are valid and the converse is not true in general:
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R(i) — SR()
R(ii) — SR(ii)
R(iii) — SR(iii)
R(@iv) — SR(iv)
Proof:
R@) — SR()
Suppose thatx € X and F € X ,X € F since every open set is semi —open set () and since (X,T) is R(i)
then there exist U,V € T suchthat x e U,F CV and UNV =0 .ThusX€U,F SV and ,U,V €
SO(X) such that UNV =@ .then (X,T)is SR(i)
We can use similar argument to prove R(ii) — SR(ii) , R(iii) — SR(ii) ,(iv) —SR(iv)
Now we give examples to the reverse implications of theorem 4.4:
Example 4.5:
SR(i)+» R(i)
LetX = {a,b} ,T ={0,X,A,B,C,D,E} , where
A={x{a}0} ,B={x{p}0} ,C={x00} ,D={x0/{a}} E={x0 (b}
SOX=(X,@,4,B,C,D,K,G} where, K = {x,{a},{b}} .G = {x,{b},{a}}
Gd€EX,a¢F=K suchthat G ,K € SOX,suchthatda € K,FSG and GNK =0
beX,b¢F suchthat K,G € SOX,suchthatbe G,F=G <K and GNK=0.
Then (X,T) is SR(i) but not R(i) , if 3 € A, 3 & F there is no tow open set satisfy the condition X € U,F <
V and ,U,V € T such that UNV = @
SR(iii)+» R(iii)
LetX = {a,b,c} T ={0,X,AB,C} , where
A={x,0,{ab}} ,B={x,0{c} ,C={x00} ,
SOX={X,9,4,B,C,D,E,F,G,H,1,L,M} where
D={x{ac}0},E={x{ac}h{b}} F={x{bc}0} ,G={x{bc}h{a}} H={x0{a}} , 1=
{x,0,{b}} ,L={x,0,{ac}} M={x0/1{bc}}
(X,T) is SR(iii) but its not R(iii) ,ifa € A,a ¢ F there is no tow open set satisfy the condition X € U,F <
V and ,U,VE Tsuchthat UCV
SR(iv)» R(iv)
LetX = {a,b} T ={0,X,A,B} , where
A={x,0,0} ,B={x01{a}} ,SOX={X,0,4,B,C,D,E} where
D = {x,{p}, 0}, E = {x,{b},{a}} .C = {x,0,{b}} . _
ae€eX,a¢F=F suchthat D ,C € SOX,suchthat@ae C,F <D and C < D.
(X,T) is SR(iv) but its not R(iv) if 3 € A,a & F there is no two open set satisfying the condition X € U,F <
V and ,U,VE Tsuchthat UCV .
$5- Weak Semi_Regular space _in intuitionistic topological space:
Now , we introduce new definition of weak semi regular space in intuitionistic topological space are
following:-

Definition 5.1:
Let X be nonempty set and T is an intuitionistic topological space , then (X,T) is said to be:

1-WSR(i) if for each x € X and F C X, F is an intuitionistic semi-closed set and X & F , there exist U,Ve
SO(X) such that ¥eU,FSVand U NV = @.
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2-WSR(ii) if for each x € X and F € X, F is an intuitionistic semi-closed set and ¥ & F , there exist U,V€
SO(X) such that ZeU,FSVand U NV = 3.
Now, we give the relation of the different kind of WSR(K) where k € {j, ii} and kinds of WR(k) where
k € {i, ii}, which appears in definition 4.1 and definition 3.1 in [4]
Theorem 5.2[4]:
Let (X,T) be an ITS, then the following implication are valid and the converse is not true in general :
SWR(i) < SWR(ii)
) \)
WR() — WR(ii)

Proof:

SWR(i)— SWR(ii)

Let (x,t) is satisfies WSR(i) if for each x € X, F € X, F is ISCS and X & Fthere exists U,V € SO(X) such that
X€U,FSVand UNV =@ .alsosince ¥ € U= X € U from the theorem 4.2 .

SW R(ii)— SWR(i)

Let (x,t) is satisfies WSR(ii) if for each x € X,F € X,F is ISCS and ¥ & Fthere exists U,V € SO(X) such
that ¥ € U,F S Vand UNV =0 .

NowX¥€eEU =x€eUS=x¢U,=>x €U, Thus¥ € U,F €V and UNV = @ there for (X,T) is WSR(i).
W R(i)— SWR(i)

Let (x,t) is satisfies WR(i) if for each x € X,F € X, F is ISCS and ¥ & Fthere exists U,V € T such that
¥€U,F<Vand UNV = @ . since every WR(K) where k € {j, i} is WSR(K) where k € {i,ii}. Thus (X,T) is
satisfies WSR(i).

In asimilar way we can prove W R(ii)— SWR(ii).

W R(@i)—W R(ii)

This given in [4]

The reverse implication in theorem 5.2 are not true in general ,the following counter example shows the cases

Example 5.3:

Recall example 4.5 we see that
SWR(i)» WR(i)

(X,T) is WSR(i) ,but not WR(i) .
SWR(ii)+» WR(ii)

(X, T) is WSR(ii) ,but not WR(ii) .
Example 5.4:

WR(ii)» WR(i)

This given in [4]
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