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1. Introduction: 

       Kelley, J.C. at 1963 in [3] presented a new concept, namely, Bitopological spaces which 

theirs members are sets depend upon two topologies in theirs definition on the same nonempty 

set.  

       Bitopological spaces which their members are L open sets are called L topological 

spaces or L spaces. The concept of L spaces are used in many principle topological 

concepts, for example Compactness, Connectedness, Separation axioms, Convergence and 

others. The concept of 
n

L spaces is defined depending on the concept of L  spaces.  

       In this paper, the concept of 
n

L proper functions is defined depending on the concept of 


n

L spaces and the concept of  proper functions which was presented by Bourbaki, N. at 

1989 in [1]. Also we used this concept to study some theorms which are related to the concept 

of  proper functions. 

2.1 Definitions [1], [2], [4].:  Let  X & Y   be topological spaces and  YXf :   be a 

function. Then: 

)(i  f   is  called  a continuous function  if  )(1 Af    is an open  set  in  X  for  every open set  

A   in  Y . 

)(ii  f  is called an open function if  )(Af  is an open set in Y  for every open set  A  in X . 

)(iii f   is  called  a closed function  if  )(Af   is  a closed  set  in  Y  for every closed set  

A   in  X . 

2.2 Definition [1]: Let X  and Y  be topological spaces. Then the function  YXf :    

is  said  to  be  proper  function  if : 


n

L proper Functions 
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(i) f   is  a continuous  function. 

(ii) ZYZXif
z

 : is a closed function for every topological space .Z  

2.3 Proposition [1]:  Let  YXf :   be a proper function. Then if   YT  , then the 

function TTff
T

 )(: 1
 which agrees with f  on  )(1 Tf 

 is proper. 

2.4 Definitions:  

1. Let  
n
 ,.....,,

21
 ( 2n ) be topologies on a nonempty set X  and  A, B  X  . Then  

i. A  is called an 
n

L open set in  X   if there is a 1 open set  U   in  X   such that  

U  A 
n

i

i

U
2

, where  
i

U  is the i-th closure set of  U  in  X  .t.r.w  i  

)2( ni  . 

          The collection of all  
n

L open sets in  X   is denoted by  )(XOL
n
 , and 

),.....,,,(
21 n

X    is called an 
n

L topological space or an  
n

L space [for easiness 

written  X   is called an  
n

L space], and the open sets in  ),.....,,,(
21 n

X    are  


n

L open sets in  X  . 

ii. B  is called an  
n

L closed set in  X   if and only if  
cB   is an 

n
L open set in 

X .   

     The collection of all  
n

L closed sets in  X   is denoted by )(XCL
n
 . 

2. The  
n

L product   space of 
n

L spaces  ),.....,,,(
21 n

X   &  

)',.....,',',(
21 n

Y    is  the  
n

L space  ),.....,,,(
21 n

YX  ,    where   
1

 , 

2
 , …..,

n
   are   the   product   

 

       topologies on YX    induced by ( ),'&
11

   )'&() , . . . . . ,'&(
22 nn

   

respectively.  

3. The 
n

L subspace A  of an 
n

L space ),.....,,,(
21 n

X   is the 
n

L space 

( ),.....,,,
21 nAAA

A  , where  
nAAA
 ,.....,,

21
  are the relative topologies of  

n
 ,.....,,

21
 respectively on  A   in  X . 

4. Let ),.....,,,(
21 n

X   & )',.....,',',(
21 n

Y   be 
n

L spaces, and let    

)',.....,',',(),.....,,,(:
2121 nn

YXf     be a function. Then: 

(i) f  is called 
n

L continuous if )(1 Af    is an  
n

L open set in X  for all  .'
1

A  

(ii) f  is called *
n

L continuous if )(1 Af   is an 
n

L open set in X  for all 

)(YOLA
n
 . 

(iii) f  is called 
n

L open  if  )(Af   is an  
n

L open set in Y   for  all .
1
A  

(iv) f   is called  *
n

L open if )(Af   is an  
n

L open set in   Y   for all   

).(XOLA
n
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(v) f   is called  
n

L closed if )(Af   is an 
n

L closed set in Y   for every  
1
 closed 

set  A   in   X . 

(vi) f   is called  *
n

L closed if )(Af   is an  
n

L closed set in Y   for every 


n

L closed set  A   in   X . 

(vii) The bijective function f  is  called 
n

L homeomorphism if f   is  
n

L open     

( 
n

L closed)  and 
n

L continuous. 

(viii) The bijective function f  is called *
n

L homeomorphism if f   is  *
n

L open 

( *
n

L closed) and *
n

L continuous. 

5. The 
n

L space  X   is said to be  
n

L homeomorphic to  the 
n

L space  Y  if 

there is  an 
n

L homeomorphism of X   on to  Y ,[written ].YX
nL

  

6. The 
n

L space  X   is said to be  *
n

L homeomorphic to  the 
n

L space Y   if 

there is an  *
n

L homeomorphism of  X   on to  Y , [written ]
*

YX
nL

  

2.5 Remarks:  

1.  Let  ),.....,,,(
21 n

X   be an 
n

L space. Then 

    i. 
1
  is a sub collection of )(XOL

n
 , ( since 

n

i

i

UUU
2

  for all  )
1
U . 

ii.  If  n1 < n2  n,  then   )(
1

XOL
n
    )(

2
XOL

n
 ,  since   if   )(

1
XOLA

n
  

1
 U    U  A  

2

2

1

2

1

2

&
n

i

in

i

in

i

i

UUU


  U  A 
2

2

n

i

i

U


  

 )(
2

XOLA
n
   )(

1
XOL

n
  )(

2
XOL

n
 . Moreover )(

2
XOL     

)(
3

XOL  …… )(XOL
n
  . 

iii. If D
1
  is the discrete topology, then )(XOL

n
 D

1
 . 

iv. If },{
1

X   is the indiscrete topology, then )(XOL
n
 },{

1
X  . 

     v. If D
i
  is the discrete topology for all )2( ni  , then )(XOL

n


1
  . 

     vi. If  U   is  
n

i
i

1

 open in X  &  A   is  
n

L open in   X , then  AU   is an  


n

L open set in  X , (since if )(XOLA
n
 .  AVV

1
  


n

i

i

V
2

VU     AU   
n

i

in

i

i

VUVU
22 

 by using (v). Since 


n

i
i

U
1

   & 
1
V .  

1
 VU   . AU  )(XOL

n
 ). 

     vii. If A   is  
n

i
i

1

 open in X and B )(XOL
n
 , then  )(AOLBA

n
 . 

(since  
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if 

)(XOLB
n
 . 

n

i

i

VBVV
2

1


  .  AV 





n

i

i

VAAB
2

  
n

i

i

AV
2

 by using (v). 

Since
iAi

AVAAV   .  AV  AB    
n

i

i

VA
2

    
n

i

iA

AV
2

. 

Since
1
V

A
AV

1
   AB )(AOL

n
 ). 

2. Let  ),.....,,,(
21 n

X   & )',.....,',',(
21 n

Y   be  
n

L spaces, and let 

)',.....,',',(),.....,,,(:
2121 nn

YXf    be a function. Then if  )',(),(:
11

 YXf    

is a continuous [open,closed] function then )',.....,',',(),.....,,,(:
2121 nn

YXf     is 

an 
n

L continuous [ 
n

L open , 
n

L closed] function respectively.  

 

3.1 Definition:  Let X and Y  be 
n

L spaces and YXf :  be a function. Then  f    is 

called  an  
n

L proper function if: 

fi)(  is  an 
n

L continuous function. 

ZYZXifii
Z

 :)(  is  
n

L closed for every  
n

L space .Z  

3.2 Proposition: Let  ),.....,,,(
21 n

X   &  )',.....,',',(
21 n

Y   be 
n

L spaces such that 

the function )',(),(:
11

 YXf   is proper. Then 

)',.....,,',(),.....,,(:
11 nn

YXf    is an 
n

L proper function for every topologies  

ii
'&  , ( ni 2 )  on   YX &   respectively. 

Proof: 

)',.....,',',(),.....,,,(:
2121 nn

YXf    is an 
n

L continuous by using (2.5).  

        To  prove   that   
Z

if     is   
n

L closed,   let   ),...,,(
21 n

Z      be   an 
n

L space. 

),(
1

Z  is a topological space. Since )',(),(:
11

 YXf   is a proper function 

)',(),(:
11

 ZYZXif
Z

  is a closed  function for every topological space 

),(
1

Z )',...,',',(),...,,,(:
2121 nnZ

ZYZXif    is an 
n

L closed 

function for every 
n

L space ),...,,(
21 n

Z  by using (2.5), where  

),..,,,(
21 n

ZX   and )',...,',',(
21 n

ZY   are the 
n

L product spaces of  

[ ),...,,,(
21 n

X   & ),...,,( 21 nZ  ] and [ )',...,',',( 21 nY   & ),...,,( 21 nZ  ] 

respectively.   )',.....,',',(),.....,,,(:
2121 nn

YXf     is  an 
n

L proper 

function. 

3.3 Proposition: Let  )',.....,',',(),.....,,,(:
2121 nn

YXf     be  an  
n

L proper 

function. Then  if    T    is  a  subset  of    Y   such  that   
n

i
i

T
1

'


     and 
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)',(),(:
11

 YXf   is a continuous function, then the function 

)',...,',(),...,),((:
1)(1)(11

1

nTTTnfTfT
TTff  




 which agrees with f  on  T   is an 


n

L proper function. 

Proof: 

          To prove that   
T

f    is  an  
n

L continuous function. Since )',(),(:
11

 YXf   is 

a continuous function.  )',()),((:
1)(11

1

TTfT
TTff  




 is a continuous function by 

using  

 (2.3).  )',...,',',(),...,,),((:
21)(1)(12)(11

1

nTTTTnfTfTfT
TTff  




 is an 


n

L continuous function by using (2.5). 

          To prove that )(
ZT

if   is an 
n

L closed function, let ),...,,(
21 n

Z   be an 


n

L space. Let ),..,,,( 21 n
ZX   & ),...,',',( 21 nZY   are the 

n
L product 

spaces of  [ ),...,,,( 21 nX   & ),...,,( 21 nZ  ] &  [ )',...,',',( 21 nY   & 

),...,,( 21 nZ  ]   respectively.  

Since  
ZTZZT

ifif


 )()( .   

)',,...,',',(),...,,),()((:)(
21)(1)()(1)(2)(1)(1

1

ZnTZTZTZTZifnZTZifZTZifZZT
ZTZTifif



  

          Let B  be  a 
 )(1)(1 ZTZif

 closed in 

)()( 1 ZTif
Z

 
. AZTifB

Z
)()( 1  

, 

1
cA ))(()())(( AifZTBif

ZZT
  . Since  f   is  an  

n
L proper 

function.   )(
Z

if    is   an  
n

L closed function. )())(( ZYCLAif nZ  .  

               Let FAif
Z

 ))((  )B)(if(
ZT

 = F)ZT(  . Since 

 )( ZT ])[( FZT     =   )(])[( ZTFZY   ,  
n

i

iT

1

'



    &  
n

i

iZ

1

  .    


n

i
i

ZT
1

'


     by   (2.5).      Since     )( ZYCLF n  . 

)(])[( ZYOLFZY n     )(])[( ZTFZY   )( ZTOLn   by (2.5) 

. FZT )(      )( ZTCL
n

 .  )())(( ZTCLBif nZT  . )(
ZT

if   is  

an 
n

L closed function.  
T

f    is an 
n

L proper function. 

 

 

3.4  Examples:  

)(i Let ),(
1
X be a topological space and F  be 

1
 closed in X . Then the function 

),(),(:
11
 XFi

F
  defined by xxi )(  for all ,Fx  is a proper function, therefore 
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),...,,,(),...,,,(:
2121 nnFFF

XFi    is an 
n

L proper function for every 

topologies  
i

  , ( ni 2 )  on   X   by (3.2). 

)(ii Let ),( TX be a topological space and ),(),(: TXTXI
X

 such that xxI
X

)( , for all 

.Xx   Then  
X

I   is  a proper  function,  therefore  ),...,,,(),...,,,(:
2121 nnX

XXI     

is   an 


n

L proper function for every topologies 
i

  , ( ni 2 )  on   X   by (3.2).  

)(iii Let u  be the usual topology on  , and let [ .,), baba  Then the function 

),...,,(),...,),,([:
),[),[

uuuubai
baba

 (n-times) defined by xxi )(  for all 

),,[ bax  is an 
n

L proper function, but ),()),,([:
),[

uubai
ba

  is not a proper 

function, (since it is not a closed function [1]).  

)(iv Let n=2 and let u  be the usual topology on  , and let :f  be the function 

such that 0)( xf  for all .x  Then ),(),(: uuf   is a closed and 

continuous function, therefore ),,(),,(: uuuuf   is an 
n

L closed and an 


n

L continuous function. But ),,(),,(: uuuuf   is not 
n

L proper function, 

since ),,(),,(:)( 22 UUUUif 


 defined by ),0(),)(( yyxif 


 for all 

2),( yx , is not an 
n

L closed function, where U  is the usual topology on .2  

Since }1/),{( 2  xyyxK  is U closed in 2  and 

)(}0{\}0{))((   CLKif n . Since }0{\}0{\}0{ 
nL

 & 
nL

}0{\ , 

therefore ),,(),,(: uuuuf   is not an 
n

L proper function. Therefore 

),(),(: uuf   is not proper function  by (3.2). 

3.5 Definitions:  Let  YX &  be  
n

L spaces and YXf :  be a function. Then:  

fi)(  is called an *
n

L proper function if: 

1. f  is an 
n

L continuous function. 

2. )(
Z

if   is an *
n

L closed function for every  
n

L space .Z  

fii)(  is called an **
n

L proper function if: 

1. f  is an *
n

L continuous function. 

2. )(
Z

if   is an *
n

L closed function for every  
n

L space .Z  

Notice that:    f  is an **nL proper function            f  is an *nL proper function 

                                                                  

                                                                                      f  is an 
n

L proper function 

 

3.6 Proposition: Let )',...,',(),...,,(:
11 nn

YXf    & )",...,",()',...,',(:
11 nn

WYg    be   


n

L continuous functions. Then: 
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)(i  If gf &  are 
n

L proper & *nL proper function respectively, and if f  is an 

*nL continuous function, then  fg    is an 
n

L proper function. 

)(ii If gf &  are 
n

L proper & *nL proper respectively, and if 

:g )",()',(
11
 WY   is a continuous function, then fg   is an 

n
L proper 

function. 

)(iii  If   fg    is  an 
n

L proper function,  f   is  surjective and 

)',(),(:
11

 YXf   is a continuous function , then  g  is an 
n

L proper 

function. 

)(iv If    fg      is   an   
n

L proper   function,   and   if   g    is   an   injective 

*nL continuous function, then f  is an 
n

L proper function. 

Proof: 

)(i  

To prove that  fg    is 
n

L continuous. Let 
1
''V . Since g  is 

n
L continuous 

 )()(1 YOLVg
n


. Since f  is *
n

L continuous   ))(( 11 Vgf 
 = 

)()()( 1 XOLVfg
n
 fg   is an 

n
L continuous function by (2.4). 

    To prove that  
Z

i)fg(    is 
n

L closed. Let   ),...,,(
21 n

Z   be  an 
n

L space.         

Observe that  ( )()()
ZZZ

ifigifg   . 

)'',...,",()',...,',(),...,,(
111 n

Zig

n

Zif

n
ZWZYZX  



 

  where )',...,',(),,...,,(
11 nn

ZYZX    & )'',...,",(
1 n

ZW   are the 


n

L product spaces of [ ),...,,,(
21 n

X   & ),...,,(
21 n

Z  ] , [ )',...,',',(
21 n

Y   

& ),...,,(
21 n

Z  ]   &  [ )'',...,'','',(
21 n

W   & ),...,,(
21 n

Z  ]   respectively. Let 

F  be 
1
'' closed. Since f  & g  are 

n
L proper & *nL proper respectively.    


Z

if   & 
Z

ig    are 
n

L closed & *
n

L closed respectively.  

)))(()(( Fifig
ZZ

   is an 
n

L closed set in ZW   by  (2.4) 

)()(
ZZ

ifig    is an 
n

L closed function by  (2.4) Zifg  )(    is an 


n

L closed function. fg    is an  
n

L proper function. 

)(ii  

      To prove that  fg    is 
n

L continuous. Let 
1
''V .

1

1 ')(  Vg (since 

g : )",()',(
11
 WY   is continuous) 

1

1 ')(  Vg . Since f   is 


n

L continuous    )()()())(( 111 XOLVfgVgf
n
   fg   is an 


n

L continuous function  by (2.4). 

To prove that  Z
i)fg(    is 

n
L closed. Let   ),...,,(

21 n
Z   be  an    

n
L space. 

Observe that       ( )()()
ZZZ

ifigifg   . 

)'',...,",()',...,',(),...,,(
111 n

Zig

n

Zif

n
ZWZYZX  
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  where )'',...,",(&)',...,',(),,...,,(
111 nnn

ZWZYZX    are the 


n

L product spaces of [ ),...,,,(
21 n

X   & ),...,,(
21 n

Z  ] , [ )',...,',',(
21 n

Y   

& ),...,,(
21 n

Z  ]   &  [ )'',...,'','',(
21 n

W   & ),...,,(
21 n

Z  ]   respectively. 

Let F  be 
1
'' closed. Since f  & g  are 

n
L proper & *nL proper respectively.    


Z

if   & Z
ig   are 

n
L closed & *

n
L closed respectively.  

)))(()(( Fifig
ZZ

   is an 
n

L closed set in ZW   by (2.4) 

)()(
ZZ

ifig    is an 
n

L closed function by (2.4) Zifg  )(    is an 


n

L closed function. fg    is an  
n

L proper function. 

)(iii  

          g   is  an  
n

L continuous function.  

Let   ),...,,(
21 n

Z    be  an  
n

L space, to prove that )ig(
Z

  is 
n

L closed. 

Observe that      ( )()()
ZZZ

ifigifg    

)'',...,",()',...,',(),...,,(
111 n

Zig

n

Zif

n
ZWZYZX  



 

where )'',...,",(&)',...,',(),,...,,(
111 nnn

ZWZYZX    are the 


n

L product spaces of [ ),...,,,(
21 n

X   & ),...,,(
21 n

Z  ] , 

[ )',...,',',(
21 n

Y   & ),...,,(
21 n

Z  ]   &  [ )'',...,'','',(
21 n

W   & 

),...,,(
21 n

Z  ]   respectively. Since  f   is  a surjective  function.   )(
Z

if   is 

a surjective function. 

     Let  A  be  a 
1
' closed  set  in   ZY  . To prove that  

)())(( ZWCLAig
nZ

 . Since )(
Z

if   is a surjective function  and 

)',(),(:
11

 YXf   is a continuous  

function )(
Z

if   is a continuous function 
1

cB  ))(( BifA
Z

  by 

(2.1) . Since  )( fg    is  an  
n

L proper function. 

)()]()[( ZWCLBifg
nZ

  . Since )]()[( Bifg
Z

  = )))()((( Bifig
ZZ

  

))(( Aig
Z

 . )())(( ZWCLAig
nZ

  g   is  an  
n

L proper 

function. 

)(iv  

           f   is  an  
n

L continuous function. 

Let  ),...,,(
21 n

Z   be an 
n

L space. To prove that  )(
Z

if    is  an  
n

L closed 

function. Observe that     ( )()()
ZZZ

ifigifg    

)'',...,",()',...,',(),...,,(
111 n

Zig

n

Zif

n
ZWZYZX  



 

where )'',...,",(&)',...,',(),,...,,(
111 nnn

ZWZYZX    are the 


n

L product spaces of [ ),...,,,(
21 n

X   & ),...,,(
21 n

Z  ] , [ )',...,',',(
21 n

Y   
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& ),...,,(
21 n

Z  ]   &  [ )'',...,'','',(
21 n

W   & ),...,,(
21 n

Z  ]   respectively. 

Since  g   is  an injective function.   )(
Z

ig   is  an injective  function. Let  A  be  

a 
1

 closed set in   ZX  . Since  )( fg     is  an   
n

L proper  function 

Z
ifg  )(   is  an  

n
L closed function 

)())](()[( ZWCLAifig
nZZ

  . Since  )(
Z

ig    is  an injective 

function ))](()[()())(( 1 AifigigAif
ZZZZ

   . Since   g   is  an  

*
n

L continuous  function.  )(
Z

ig   is  *
n

L continuous.   ))(( Aif
Z

  = 

)())](()[()( 1 ZYCLAifigig
nZZZ

   . 

)(
Z

if    is  an  
n

L closed function. f  is an 
n

L proper function. 

3.7  Proposition:  Let     


 XXf :      &     


 XXf :      be    
n

L proper and 

*
n

L proper functions respectively. Then   
212121

: YYXXff      is  an  


n

L proper function. 

Proof: 

To prove that 


 ff   is  
n

L continuous  function. Since   
21

& ff     are  
n

L continuous  

functions . 
21

ff      is  
n

L continuous  function.   

To prove that )iff(
Z




 is  an  
n

L closed  function, let  Z   be  an  
n

L space. 

Consider 

ZYYZXYZXX ZYZX ifiiif
  



212121

2121  

)()()(
21 1221 ZXZYZ

iififiiff    

Since   
1

f    is  an  
n

L proper  function. 
)(11 22

)(
ZXZX

ifiif


    is  an  
n

L closed  

function. Since  
2

f    is  an  *
n

L proper function. )(
21 ZY

ifi    is an *
n

L closed  

function.  )iif()ifi()iff(
ZXZYZ


 

   is an 
n

L closed 

function by  (2.4).
21

ff      is  an  
n

L proper function. 
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