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Abstract
In this paper, the concepts of Ln —proper Functions are defined depending on the

definition of L —spaces which was presented by (Kelley, J.C. : 1963 in [3]) and the concept of
Proper Functions which was presented by (Bourbaki, N. in [1]). Also we used this concept to

study some theorms which are related to the concept of proper Functions.

1. Introduction:

Kelley, J.C. at 1963 in [3] presented a new concept, namely, Bitopological spaces which
theirs members are sets depend upon two topologies in theirs definition on the same nonempty
set.

Bitopological spaces which their members are L —open sets are called L —topological
spaces or L —spaces. The concept of L —spaces are used in many principle topological
concepts, for example Compactness, Connectedness, Separation axioms, Convergence and

others. The concept of L, —spaces is defined depending on the concept of L — spaces.
In this paper, the concept of L —proper functions is defined depending on the concept of

L. —spaces and the concept of proper functions which was presented by Bourbaki, N. at

1989 in [1]. Also we used this concept to study some theorms which are related to the concept
of proper functions.

2.1 Definitions [1], [2], [4].: Let X & Y be topological spaces and f:X —Y bea
function. Then:

(i) f is called acontinuous function if f(A) isanopen set in X for every open set
AinY.

(i) f is called an open function if f (A) isanopensetin Y forevery openset A in X .

(ili) f is called a closed function if f(A) is aclosed set in Y for every closed set
A in X,

2.2 Definition [1]: Let X and Y be topological spaces. Then the function f : X —Y
is said to be proper function if:
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(i) f is acontinuous function.

(i) T xi X xZ —>Y xZisaclosed function for every topological space Z.

2.3 Proposition [1]: Let f:X —Y be a proper function. Then if T <Y, then the
function f. : f *(T) — T which agrees with f on f~(T) is proper.

2.4 Definitions:
1. Let 7,,7,,..... 7. (N> 2) be topologies on a nonempty set X and A,B < X . Then

i. Aiscalledan L, —opensetin X ifthereisa z,—openset U in X such that

U gAgUL_J , where U is the i-th closure set of U in X Wwrl. r,
i=2

(2<i<n).

The collection of all L —open sets in X is denoted by L —O(X), and
(X,7,,7,,.....,r,) s called an L —topological space or an L_—space [for easiness
written X is called an L_—space], and the open sets in (X,7,,7,,......£,) are
L, —opensetsin X .

ii. B is called an Ln —closed setin X ifand only if B° isan L _—open setin

X.
The collection of all L —closed setsin X isdenoted by L —C(X).

2. The L, —product space of L —spaces (X,7,7,r,) &
Y,z 7', ,.....7" ) is the L —space (X %Y, 14, 4L,,......1t,), Where
My, ..., i, are the product

topologies on X xY induced by (7, &7')), (7,&7,),..(r, &7 )
respectively.
3. The L —subspace A of an L —space (X,7,,7,,.....,7,) is the L —space

(AT, Typeeeeeil,n), Where 7,,,7,,,......,T,, are the relative topologies of
(7 PR T, respectivelyon A in X.

4. Let (X,7,7,,.....t,) & (Y,7,,7',,.... 7" ) be L, —spaces, and let
f:(X,z,7,...t,) > ,7",, 7, ,......,7" ) beafunction. Then:

(i) f iscalled L, —continuousif f*(A) isan L —opensetin X forall Ae7'.

(i) f is called L *—continuous if f*(A) is an L —open set in X for all
AelL —-0O().

(iii) f iscalled L —open if f(A) isan L -opensetinY for all Aez,.

(ivy f s called L *—open if f(A) isan L —opensetin Y for all
AelL, —O(X).
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(v) f iscalled L —closedif f(A) isan L —closedsetinY forevery 7, —closed
set A in X.
(viy f iscalled L *—closed if f(A) isan L —closed setin Y for every

L, —closedset A in X.
(vii) The bijective function f is called L, —homeomorphism if f is Ln —open
(L, —closed) and L —continuous.
(viii) The bijective function f is called L, *—homeomorphismif f is L *—open
(L, *—closed) and L *—continuous.
5. The L, —space X issaid to be L —homeomorphic to the L —space Y if

Ln
there is an L, —homeomorphism of X onto Y [written X =Y].

6. The L, —space X issaid to be L *—homeomorphicto the L —space Y if
Ln*

thereisan L *—homeomorphism of X onto Y, [written X = Y]

2.5 Remarks:
1. Let (X,7,,7,,.....,7,) bean L —space. Then

i. 7, isasub collection of L, —O(X), (since U cU QUUI forall U e7,).

i=2
ii. If n1<n2 <n, then L, —O(X) < L,—-0(X), since if Ael , —O(X)

=3Uer, > UgAgGUI&GUIQGUI :>UgAgLnjL_JI

i=2 i=2 i=2 i=2
= Ael,-0O(X) =L,-0(X)cL,,-—0(X). Moreover L, —O(X) <
L -O(X)c...... L, —O(X) .

iii. If 7, = D is the discrete topology, then L, —O(X) =7, =D.

iv. If 7, ={@, X} is the indiscrete topology, then L, —O(X) =17, ={4, X}.

v. If 7, = D is the discrete topology for all (2<i<n),then L —O(X) =1, .

vi. If U is [z, —openin X & A is L —openin X, then U A isan
i=1

L —open set in X, (since if AelL, —O(X). =3IVer,3VcAc
0\7I =UNV < UNAcU HUVIQOU ﬂVIby using (v). Since
i=2 i—2 i—2

U eﬁri &Ver,., =>UNVer,. =>UMNAeL, —0O(X)).
vii. If A is (7 —openin XandB el, —O(X), then A(1BelL, —O(A).

(since
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if
Bel —O(X).=3Ver,5VcBc|V .=VNAC

i=2

BNAcC AﬂLnJVi - LnJVﬂA by using (v).

i iA n __ i n iA
SinceV NMA NA=VNA =VNAcBNA c AﬂUV c UVﬂA .
i=2 i=2
SinceV e, =>V N Aer, =B AecL, —O(A)).
2. Let X,7,,7,0r) & (Y,7', 7', ,.....T" ) be L —spaces, and let
f:(X,z,,7,,0c.r,) >, 7', 7',,....r" ) be afunction. Thenif f:(X,z)—>(Y,7",)

is a continuous [open,closed] function then f :(X,z,7,,.....7.) >,z ,, 7, ,....0" ) is

an L —continuous [L, —open, L —closed] function respectively.

3.1 Definition: Let X and Y be L —spacesand f : X —Y bea function. Then f s
called an L —proper function if:

(i) f is an L, —continuous function.
(i) f xi, : XxZ —>Y xZ is L, —closed forevery L —space Z.
3.2 Proposition: Let (X,7,,7,,......7,) & (Y,7',7',,......7" ) be L, —spaces such that

the function f:(X,z)—>(,7)) is proper. Then
f:(X,z,....t,) >, 7" ,,.....7" ) is an L —proper function for every topologies
7, &7, (251<n) on X &Y respectively.

Proof:

f:(X,z,7,,.....71,) > ,7,,7,,....r",) isan L —continuous by using (2.5).

To prove that fxi, is L, —closed, let (Z,n,7n,,..17,) be an L, —space.
=(Z,n,) is a topological space. Since f :(X,z,)—>(Y,z')) is a proper function
= fxi, :(XxZ,)) > (Y xZ, ') isaclosed function for every topological space
Z,n)= T xi, :(XxZ,p,ptyy.copt,) > xZ, ', ity ..., ) isan L, —closed
function for every L —space (Z,n,,7,,..n7,)by using (2.5), where
(X XZ, ptys plyyeenpr ) and (Y XZ, 4ty 4y ,..p0) are the L —product spaces of
[(X,7,,75,07,) & (Zimmz,1n)] and [(Y, 71,72 0 'n) & (Z.771,772,070) ]
respectively. = f :(X,7,7,,.....,7,) > ,7", 7", ,.....,7") is an L, —proper
function.

3.3 Proposition: Let f:(X,z,7,,.....5.) > (,7,,7",,....0".) be an L_—proper

function. Then if T is a subset of Y such that Te[(]r, and
i=1
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f:(X,z)—>(,7",) is a continuous function, then the function
fo(f' (M),

L, — proper function.
Proof:
Toprovethat f_ is an L —continuous function. Since f :(X,z,) —>(Y,7")) is

a continuous function. = f_: (f *(T),z

) >, 75, which agrees with f on T s an

1 74my’ nf‘lm

lf71(”) (T, 7' ) is a continuous function by
using

(2.3). = f (f (r) 1f_1(T) 2f—1(T)"
L, —continuous function by using (2.5).

To prove that (f. xi,) is an L —closed function, let (Z,7,,7,,..7,) be an

L, —space. Let (X XZ, g, ptp,.ipt ) & (Y XZ, 449, p'5 ., 1ty) are the L —product
spaces of [(X,71,79,..7y) & (Z,m,72,-m10)] &  [(Y,70,7%,.0T'y) &
(Z,m,m5,..m,)] respectively.

Since (f, xi,)=(fxi,),,-

3(foiZ):((inZ)_l(TXZ)ILl lLl(inZ)—l(TxZ)""'lLl )_)(TXZ lLllTZ’ILIZTZ’ ”/’lnTZ)

Let B be a 1 —closed in
1(fxiz) L (Txz)
(f xi,)*"(TxZ).=B=(f xi,)"(TxZ)NA,

Ae = (f, xi,)(B)=(TxZ)N(f xi,)(A). Since f is an L —proper
function. = (f x1i,) is an L, —closed function. = (f xiz)(A) € L, —C(Y xZ).

)_>(TT1T’T2T’ InT) is an

i nf1(T)

1(fxiz) L (Tx2) n(fxiz)t(Tx2)

Let (fxL,)(A)=F=(f, xi, )(B)=(TxZ)NF. Since
Tx0)-[Tx2NF] = [(¥xZ)-FINTx2), Te()ei & ze(\n.
i=1 i=1

TxZe ﬁﬂ-i by (2.5). Since Fel,-C(YxZ).

=[(YxZ)-FleL,-O(YxZ) = [(YxZ)-F]N(TxZ2)elL,-0O(TxZ) by (2.5)
=>TxZ)NF € L,-C(TxZ). =(fy xiz)(B)el, -C(TxZ).=(f, xi,) is
an L —closed function. = f_ isan L —proper function.

3.4 Examples:
(i) Let (X,7,)be a topological space and F be 7, —closed in X . Then the function

1:(F,7,.) > (X,7,) defined by i(X) = X for all X € F, is a proper function, therefore
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i:(F. 7. 7500.07) > (X, 7,,7,,...,7,) is an L —proper function for every
topologies 7, ,(2<i<n) on X by (3.2).

(i) Let (x,T)be a topological space and I, : (X, T)— (X,T)such that I (x) = x, forall
xeX. Then 1, is aproper function, therefore I :(X,z,7,,...7,) = (X,7,,7,0.,T,)
is an

L —proper function for every topologies 7, , (2<i<n) on X by (3.2).

(i) Let U be the usual topology on R, and let [a,b) = R,a < b.Then the function
i2([a,b),Ugp Uy ) = (R,U,..u) (n-times) — defined by i(x)=x for all
x €[a,b), isan L, —proper function, but i:([a,b),u,, ) — (%,u) is not a proper
function, (since it is not a closed function [1]).

(iv) Let n=2 and let U be the usual topology on R, and let f : 9% — %R be the function

such that f(x)=0 for all xe®R. Then f:(R,u)— (R,u) is a closed and
continuous function, therefore f :(R,u,u) — (R,u,u) is an L —closed and an
L, —continuous function. But f : (R,u,u) — (R,u,u) is not L —proper function,
since (f xi,):(R*,U,U)— (R?,U,U) defined by (f xi,)(x,y)=(0,y) for all
(X,y) € R?, is not an L_—closed function, where U is the usual topology on R?,
Since K ={(x,y) e R*/xy =1} is U —closed in R? and

(f xig)(K) = {0 R\{Qe L, ~CORxK). Since {OhxR\{OP2R\{O} & T =9,
therefore  f :(R,u,u) - (R,u,u) is not an L —proper function. Therefore
f 1 (R,u) = (R,u) is not proper function by (3.2).

3.5 Definitions: Let X &Y be L, —spacesand f : X —Y be a function. Then:

(i) f iscalledan L, * —proper function if:

1. f isan L, —continuous function.

2. (f xi,) isan L, * —closed function for every L —space Z.
(i1) f iscalled an L _**-proper function if:

1. f isan L *-continuous function.

2. (f xi,) isan L, *~closed function for every L —space Z.

Notice that: T isan L, **~proper function __, f isan L,*-proper function

 ‘% isan L —proper function

3.6 Proposition: Let f :(X,z,,..7,)—>(,7,,...7") & g:(Y, 7, .7 ) >W,z" .. ") be
L, — continuous functions. Then:
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(i) If f&g are L —proper & L,*—proper function respectively, and if f is an
L, *—continuous function, then g o f isan L_— proper function.

(i)if f&g are L —proper & L,*—proper respectively, and if
g:(Y,r,)—>(W,z,") is a continuous function, then go f is an L —proper

function.

(i) if gof is an L, —proper function, f is surjective and
f:(X,z;)—>(Y,7',) is a continuous function , then @ is an L —proper
function.

(iv)If gof is an L —proper function, and if ¢ is an injective
L, *—continuous function, then f isan L, —proper function.

Proof:

(i)

To prove that go f is L —continuous. Let V ez",. Since g is L —continuous
=g*'(V)el —-O(). Since f is L *-continuous = f*(g*(V)) =
(go f)*(V)elL —O(X)=geo f isan L, —continuous function by (2.4).
Toprovethat (go f)xi, is L, —closed. Let (Z,7,,7,,..n7,) be an L, —space.

Observe that (go f)xi, =(gxi,)o(f xi,).

(XXZ,pt,...\1t,) f—Z(Y XZ, ', ,...,,u'n)ti(\N xZ, /" 1)
where (X xZ, gty ), (Y XZ,pl' ooy pt,)) & WxZ, " ,..,u" ) are the
L, —product spaces of [(X,7,,7,,..,7,) & (Z,7,,7,,-.11.)1, [(Y, 7'}, 7', ,..,7")
& (Z,n,,1n,,..n,)1 & [W,z",,7",,...7",) & (Z,1,,1,,..17,)] respectively. Let
F be y' —closed. Since f & g are L —proper & L *—proper respectively.
= fxi, & gxi, are L —closed & L *—closed respectively.
= ((gxi,)o(fxi,))(F) is an L —closed set in WxZ by (2.4)
= (g xi,)o(f xi,) is an L, —closed function by (2.4) = (geo f)xi, is an
L, —closed function. = go f isan L, —proper function.

(if)
To prove that gof is L, —continuous. Let V ez" .= g™ (V)er' (since
g:(Y,z',)>MW,z,") is continuousy =g *(V)er, Since f is
L, —continuous = f(g7(V))=(ge f)'(V)eL -O(X)=gof is an

L, —continuous function by (2.4).
To prove that (go f)xi, is L, —closed. Let (Z,;,7,..57,) be an L —space.
Observethat  (go f)xi, =(gxi,)o(f xi,).

gxiz

fxiz
(X XZy fyn 1) = (¥ X2y f oy 1) SN X Z o 41,
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where (XxZ, ey 1), Y XZy gl oy ) & W X Z, 20" ) are the
L, —product spaces of [(X,7,,7, 7,) & (Z,77,,17,,-.52.)1, [(Y, T, 75 0y T°))
& (Z,n,n,,..7)] & [W,z",7",,..7" ) & (Z,n,n,,..7,)] respectively.
LetF be 4" —closed. Since f & g are L —proper & L, *—proper respectively.

= fxi, & gxi, are L —closed & L *—closed respectively.
= ((gxi,)o(fxi,))(F) is an L —closed set in WxZ by (24)
= (g xi,)o(f x1,) isan L —closed function by (2.4) = (g f)xi, isan
L, —closed function. = g o f isan L, —proper function.
(i)
g is an L, —continuous function.
Let (Z,7,,1,,..17,) be an L, —space, to prove that (g x1i, ) is L —closed.
Observethat (go f)xi, =(gxi,)o(f xi,)
fxi xi
(X xZ,p,....1,) —;(Y xZ,y'l,...,y'n)g—;(\N XZ,p" o))
where (X XZ, gty ), Y XZ,pd' ooy td/) ) & W X Z, 40" 1)) are the
L, —product spaces of [(X,7,7,..7,) & (Z,7,7,,..1.)]
[y, 7', .n7,) & (Z,n,.1,,..17)] & [W,z",7",,...7") &
(Z,m,,1,,.-1m,)] respectively. Since f is asurjective function. = (f xi,) is
a surjective function.

Let A be a p'—closed set in YxZ. To prove that
(gxi,)(A)eL, —CW xZ). Since (fxi,) is a surjective function and
f:(X,7,) > (Y,7')) isacontinuous

function=> (f xi,) is a continuous function =3B e, > A=(f xi,)(B) by
(1) . Since (go f) is an L, —proper  function.
=[(9° f)xi,](B)eL, ~CW xZ). Since [(g- f)xi,](B) = (gxi,)(f xi,)(B))
=@ x1,)(A). = (gxi,)(A)elL ~-CWxZ) =g is an L, —proper
function.

(iv)

f is an L, —continuous function.

Let (Z,7,,1,,..n,) be an L —space. To prove that (f xi,) is an L, —closed
function. Observe that  (go f)xi, =(gxi,)o(f xi,)

fxiz

gxiz
(XX Zy fys 1) > (X2 4y s 1) > W XZ, 4o 1)
where (X xZ, gty pt.), (Y XZopd' oy ') & W X Z, ., i) are  the
L, —product spaces of [(X,7,,7,,... 7,) & (Z,n,,1m,,..17,)1, [(Y.7"), 75, T',)
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& (Z,n,n,,..n)]1 & [W,z",,7",,...7" ) & (Z,3,,1m,,..n,)] respectively.
Since Q is an injective function. = (gxi,) is aninjective function. Let A be
a g, —closed set in X xZ. Since (gof) is an L, —proper function
= (go f)xi, is an L, —closed function
=[(gxi,)o(fxi)(A el —CWx2Z). Since (gxi,) is an injective
function= (f xi,)(A)=(g xi,)"[(g xi,) o (f xi,)](A). Since g is an
L, *—continuous function. = (gxi,) is L, *—continuous. = (f xi,)(A) =
(gxi,) " [(gxi,)o(f xi,)](A)eL, —C(Y xZ).
= (f xi,) is an L, —closed function. = f isan L, —proper function.
3.7 _Proposition: Let fiX >X, & f,:X, > X, be L, —properand
L, *—proper functions respectively. Then foxf, X, xX, =Y, xY, is an
L, —proper function.

Proof:
To prove that f x f, is L —continuous function. Since f & f, are L —continuous

functions. = f x f, is L, —continuous function.

To prove that ( f, x f, xi,)is an L, —closed function, let Z be an L, —space.
Consider

X, x X, xZ —"0e Y ) X, xZ —% Y xY, xZ

(f,x f,xi,) = (i, x f,xi,)o(f, xi, xi,)

Since f, is an L —proper function. = (f xi, xi, )= f xi

is an L, —closed

1 (X,xZ)

function. Since f, is an L, *—proper function. = (i, x f,xi,) isan L *-closed
function. = (f, x f, xi,)=(i, x f, xi, )o(f xi, xI,) isan L —closed
function by (2.4).= f x f, is an L, —proper function.
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