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1-Introduction:  

Differential equations of fractional order have been found to be effective to describe some physical 

phenomena such as rheology, damping laws, fluid flow and so on [1-3]. A review of some applications of 

fractional calculus in continuum and statistical mechanics is given by Mainardi [1]. Different fractional 

partial differential equations have been studied and solved including the space –time fractional diffusion –

wave equation [4, 5].     

Recently, a new modified Riemann –Liouville left derivative is proposed by G.jumarie [6] Comparing with 

the classical caputo derivative, the definition of the fractional derivative is not required to satisfy higher 

integer-order derivative than . Secondly th derivative of a constant is zero. For these merits, G.Jumarie , s 

modified derivative was successfully applied in the probability calculus [7], fractional Laplace problems 

[8].  

The Homotopy perturbation method was established by Ji-Huan He in1999[10].The method has been used 

by many authors to handle a wide variety of scientific and engineering application  to solve various 

functional equations In this method ,the solution is considered as the sum of an infinite series, which 

converges rapidly to accurate solutions. Using the homotopy technique in topology, a homotopy is 

constructed with an embedding parameter ]1,0[p , which is considered as a small parameter. Considerable 

research work has recently been conducted in applying this method to a class of linear and non-linear 
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equations. This method was further developed and improved by He, and applied to non-linear wave 

equations [11], boundary value problem [12].   

In this paper, we further apply the Homotopy perturbation method with modified Riemann –Liouville to 

solve fractional- time partial differential equations, we give some examples to demonstrate the efficiency 

and effectiveness of the proposed method. 

2-Modified Riemann-Liouville  derivative: 

Assume )(,: xfxRRf  denote a continuous (but not necessarily differentiable) function and let the 

partition 0h  in the interval [0, 1]. Through the fractional Riemann Liouville integral  
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The modified Riemann-Liouville derivative is defined as  

 


 

x

n

n

n

x dffx
dx

d

n
xfD

0

0 ,))0()(()(
)(

1
)( 





                                         (2.2) 

Where nnx  1],1,0[ and 1n  

G.jumarie
,
s derivative is defined through the fractional difference 
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Where )()( hxfxFWf  . Then the fractional derivative [9] is defined as the following limit, 
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The proposed modified Riemann –Liouville derivative as shown in equation. (2.2) is strictly equivalent to 

equation. (2.4). Meanwhile, we would introduce some properties of the fractional modified Riemann –

Liouville derivative in equations. (2.5) and (2.6). 

 

(a) Fractional Leibniz product law 
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(a) Fractional Leibniz formulation 
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Therefore, the integration by part can be used during the fractional calculus  
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(b) Integration with respect to  )(d . 

Assume )(xf denote a continuous RR   function, we use the following quality for the integral with 

respect to  )(d   
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3-Homotopy perturbation method: 
Consider the following nonlinear differential equation; 

 

 rrfuA )()(                                                                                                  (3.1)   

With boundary conditions:  

           

 rnuuB ,0)/,(                                                                                            (3.2) 

 

Where A is a general differential operator, B is a boundary operator, )(rf is a known analytic function,   is 

the boundary of the domain . 

The operator A can be generally divided in two parts L and N , where L  is linear, and N is nonlinear, 

therefore equation. (3.1) can be written as, 

 

)()()( rfuNuL                                                                                                    (3.3) 

 

by using  homotopy  technique, one can construct a homotopy Rprv  ]1,0[:),(  which  satisfies : 
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or  
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where r and ]1,0[p is an embedding parameter, and 0u is the initial approximation of 

equation.(3.3)which satisfies the boundary conditions. Hence, obviously we have  
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and the changing process of p  from 0  to 1 is the same as changing ),( pvH from )()( 0uLvL   to 

)()( rfvA  . In topology, this is called deformation, )()( 0uLvL  and )()( rfvA  are called homotopic in 

topology. If, the embedding parameter p ; )10( p is  considered as a small parameter, applying the 
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classical perturbation technique, we can assume that the solution of equation.(3.7)can be given as a power 

series in p , i.e. 

 

 2

2

10 vppvvv                                                                                            (3.8) 

 

and setting 1p  results in the approximate solution of equation.(3.3) as ; 

 

  2101lim vvvvu p                                                                                 (3.9) 

 

4-Applicition: 
In this section, we give some examples to demonstrate the efficiency and effectiveness of the Homotopy 

perturbation method with modified Riemann –Liouville 

  

Example4.1 [13] Consider the linear fractional diffusion equation 
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subject to a initial condition                   
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we construct the following homotopy: 
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we consider u as 

 

 3

3

2

2

10 upuppuuu                                                                               (4.3) 

 

substituting (4.3) in (4.2) and equating the coefficients  of like powers of p , we get following set of 

differential equations 
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solving the systems accordingly, thus we obtain, 
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by setting 1p  in equation.(4.3),  the solution of (4.1) can be obtained as 
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the solution in a  series form is given by 
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is the Mittag –Leffler function in one parameter . 
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we can  readily check )(),( 
 tEtxu    is an exact solution of equation.(4.1). 

 

Example4.2 [5] Consider the fractional diffusion equation 
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subject to a initial condition 
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we consider u as 
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substituting (4.6) in (4.5)and equating the coefficients  of like powers of p , we get following set of 

differential equations: 
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solving the systems accordingly,  thus we obtain, 
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the solution,  
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we can  readily check )(),( 2 
 tExtxu   is an exact solution of equation.(4.4). 

 

Example4.3 [14] Consider the two dimensional inhomogeneous wave equation: 
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subject to a initial condition 
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we consider u as 
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substituting (4.9) in  (4.8) and equating the coefficients  of like powers of p , we get following set of 

differential equations  
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solving the systems accordingly,  thus we obtain, 
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the solution is 
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we can  readily check ),,( tyxu  is an exact solution of equation.(4.7). 

 

Example4.4 [13] Consider the following one- dimensional linear inhomogeneous fractional wave equation  
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subject to the initial condition 
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we consider u as 
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substituting (4.12)in (4.11)and equating the coefficients  of like powers of p , we get following set of 

differential equations 
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solving the systems accordingly,  thus we obtain, 
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therefore the solution is  
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canceling the noise terms and keeping the non-noise terms yield the exact  solution of equation.(4.10). 

 

5-conclusion: 
Homotopy perturbation method has been known as a powerful tool for solving many functional 

equations such as ordinary, partial differential equations, integral equations and fractional partial differential 

equations .in this article, we have presented an new form of hmotopy perturbation method with  modified  

Riemann –Liouville derivative. The results reveal that the method is very effective and simple. 
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                                                                                                            :الخلاصة

ط شددالانمك دد ان نHomotopy,نperturabationالهدد من دداناددحانالديددمنالدد كفن ة ل ددانة ددطرينطناة لدداننلومكلددانا  ددا  نالهط طاددطد نن
لل ة  لاتنالا  ضدلكانال ئيكدانحاتناشدال سنة دمننئ  د نتنالاشدال سنالة دمنننادطن دانط هدان نmodified  Riemann -Liouvilleال اوطمينن
اظهدددمناانالومكلدددانال ةائ ددداناددد ن ددد انة دددطرينط دددهلانالدددط نالدددلانالمكدددلنالددد ملناليلدددط نلل ةددد  لاتنالا  ضدددلكانال ئيكددداننال اددد ي نJumarie. ظدددمنن
                          نالة مكات


