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solving fractional- time partial differential equations

Abeer Majeed Jassim

Department of Mathematics -College of Science -University of Basrah

Abstract:

The aim of this paper is to present an efficient and reliable treatment of the Homotopy perturbation
method (HPM) and the modified Riemann —Liouville derivative for partial differential equations with
fractional time derivative. The fractional derivative is described in the Jumarie sense. The results reveal that
the proposed method is very effective and simple and leads to accurate, approximately convergent solutions
to fractional partial differential equations.

1-Introduction:

Differential equations of fractional order have been found to be effective to describe some physical
phenomena such as rheology, damping laws, fluid flow and so on [1-3]. A review of some applications of
fractional calculus in continuum and statistical mechanics is given by Mainardi [1]. Different fractional
partial differential equations have been studied and solved including the space —time fractional diffusion —
wave equation [4, 5].

Recently, a new modified Riemann —Liouville left derivative is proposed by G.jumarie [6] Comparing with
the classical caputo derivative, the definition of the fractional derivative is not required to satisfy higher
integer-order derivative than « . Secondly ath derivative of a constant is zero. For these merits, G.Jumarie' s

modified derivative was successfully applied in the probability calculus [7], fractional Laplace problems
[8].

The Homotopy perturbation method was established by Ji-Huan He in1999[10].The method has been used
by many authors to handle a wide variety of scientific and engineering application to solve various
functional equations In this method ,the solution is considered as the sum of an infinite series, which
converges rapidly to accurate solutions. Using the homotopy technique in topology, a homotopy is
constructed with an embedding parameter p € [0,1], which is considered as a small parameter. Considerable

research work has recently been conducted in applying this method to a class of linear and non-linear
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equations. This method was further developed and improved by He, and applied to non-linear wave
equations [11], boundary value problem [12].

In this paper, we further apply the Homotopy perturbation method with modified Riemann —Liouville to
solve fractional- time partial differential equations, we give some examples to demonstrate the efficiency
and effectiveness of the proposed method.

2-Modified Riemann-Liouville derivative:

Assume fiR—=>Rx—f(x) denote a continuous (but not necessarily differentiable) function and let the
partition h>0 in the interval [0, 1]. Through the fractional Riemann Liouville integral

o'ff(X)=%I(X—§)‘Hf(§)d§, a>0

(2.1)
The modified Riemann-Liouville derivative is defined as
“ 1 d" ¢ na
o D f (%) = — [ x=Hm (1) - 1 () dg,
'(n—a) dx" 5 2.2)
Where X E[O,l],ﬂ—lﬁ a< nand n>1
G.jumarie s derivative is defined through the fractional difference
A = (FW =) £ () = 3 (D) ¥ | F[x+ (@ = koh],
g k 2.3)

Where PWF(X) = T(X+h) Then the fractional derivative [9] is defined as the following limit,

A £ (X)

a

f@ =lim,
(2.4)

The proposed modified Riemann —Liouville derivative as shown in equation. (2.2) is strictly equivalent to
equation. (2.4). Meanwhile, we would introduce some properties of the fractional modified Riemann —
Liouville derivative in equations. (2.5) and (2.6).

(a) Fractional Leibniz product law
oD (uv) =uv +uv® (2.5)
(a) Fractional Leibniz formulation

ol Dy f(x)=f(x)-f(0), O<a<1l (2.6)
Therefore, the integration by part can be used during the fractional calculus

12Uy = (uv) 12— 12uv™ (2.7)
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(b) Integration with respect to (d&)*.
Assume f(x) denote a continuous R — R function, we use the following quality for the integral with

respect to (d&)“

NF0) =[-8 (@ dé, 0<as1

(2.8)
1 X
= f dé&)“
e a) j (£)(d2)
3-Homotopy perturbation method:
Consider the following nonlinear differential equation;

A =1(r) reQ (3.1)

With boundary conditions:

B(u,ou/on)=0, rel (3.2

Where Ais a general differential operator, B is a boundary operator, f (r)is a known analytic function, I" is
the boundary of the domain Q.

The operator Acan be generally divided in two parts Land N, whereL is linear, and N is nonlinear,
therefore equation. (3.1) can be written as,
L(u)+N(u) = f(r) (3.3)

by using homotopy technique, one can construct a homotopy v(r, p) : Qx[0,1] - R which satisfies :

H(v, p) = 01— P)IL(V) —1(up)]+ p[A(V) - £(N]=0, pe[0]], (3.4)
or
H(v, p) = L(v) - L(uy) + pL(u,) + p[N(v) - f(r)] =0 (3.5)

where reQand pe[0l]is an embedding parameter, and u,is the initial approximation of
equation.(3.3)which satisfies the boundary conditions. Hence, obviously we have

H(v,0) =L(v)-L(u,)=0 (3.6)
Hv1)=AV)-f(r)=0 (3.7)

and the changing process of p from 0 to 1 is the same as changing H(v, p)fromL(v)—L(u,) to
A(v) — f(r). In topology, this is called deformation, L(v)—L(u,)and A(v)— f(r)are called homotopic in
topology. If, the embedding parameter p; (0<p<1)is considered as a small parameter, applying the
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classical perturbation technique, we can assume that the solution of equation.(3.7)can be given as a power
seriesin p, i.e.

V=V, + PV, + PPV, +- (3.8)
and setting p =1 results in the approximate solution of equation.(3.3) as ;
u=Ilim

oV =Vo +Vy +V, e (3.9

4-Applicition:
In this section, we give some examples to demonstrate the efficiency and effectiveness of the Homotopy
perturbation method with modified Riemann —Liouville

Example4.1 [13] Consider the linear fractional diffusion equation

o%u(x,t) _ d’u(xt) N o(xu(x,t)
ot” ox® OX

O<a <1 4.1)

subject to a initial condition
u(x,0)=f(x)=1

we construct the following homotopy:

o“u  o°“u, o“U, 0°u  o(xu(x,t)
_ + _ou_ -0 4.2
ot*  ot” P( ot*  ox? OX ) (4.2)
we consider u as
U=u, + pu, + p°u, + p°ug +--- (4.3)

substituting (4.3) in (4.2) and equating the coefficients of like powers of p, we get following set of
differential equations

°: Uy —%:O, u(x,0) =1
ot” ot”
ot 0%y, _ 0%y o°u, L 00w,)
ot” ot” ox? OX
02 0"u, _ 0%, L O0xw,)
ot Xt
0 0"u; _ 0%u, L 00w,)
Catt ox? X
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ot 0"u, _ 0%y, L 00w;)
S ot ox? ox

pn : aaun — azun—l + a(Xun*].)
ot” ox? OX

solving the systems accordingly, thus we obtain,

Uy (x,1) =1

W= r(1+a)j(_%;uo azxu20 a(XUO))d@)a h= r(1t:a)
4, = mm)j(az“l + Py —ﬁ

U, = F(lm)j(a” D CE T m

0, = mm)j(a 2 g s, m

0 - r(lm)j(az“ dyasy =, =

by setting p =1 in equation.(4.3), the solution of (4.1) can be obtained as
U=Uy+U, +U, +...
the solution in a series form is given by

ta t2a tSa
+ + +
INl+a) T@+2a) T'(l+3a)

u(x,t) =1+

where Z— =E_ (t”)is the Mittag —Leffler function in one parameter .
T~ T(l+na)
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we can readily check u(x,t)=E_(t*) isan exact solution of equation.(4.1).
Example4.2 [5] Consider the fractional diffusion equation

o“u(x,t)
ata

o%u(x,t)
ox>

X2
. O<a <1 (4.4)
2

subject to a initial condition
u(x,0) = f(x) = x?

we construct the following homotopy:

o%u  o“u o%u  x® o%u
1- ——)+ -——)=0
( p)(at“ ot ) p(at“ 2 6x2)
o%u  0%u, o%u, x* %
_O0U X oMUy g 45
ot ot* p( ot* 2 GXZ) (45)

we consider u as
U=U, + pu, + p°u, + p°u, +--- (4.6)

substituting (4.6) in (4.5)and equating the coefficients of like powers of p, we get following set of
differential equations:

' ot - ot
. 0%, 0%u, X% 0%y,

p° S L =0, u(x,0)=x?

P T 2 o
,. 0%, x° 0%,

P T2 e

5.0%;  Xx° 90U,

P T2 e

.. 0%, x* 0%,

P T2

.. 0%,  x* 0%,
ot 2w
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solving the systems accordingly, thus we obtain,

Uy (x,1) = x?
1 ¢, 0%, x?d%u . t“
U = [+ =0 do) = uy =X
Fl+a)y o0& 2 0oX rd+e)
t 2 2 2a
u, = 1 (x20 uzl(dg)azxzt—
I'l+a)y 2 ox I'dl+2a)
t 2 2 3a
u, = 1 X_a Uzz(dg)azxzt—
I'l+a)y 2 ox I'l+3a)
t 2 2 Ao
u =t [ =
Fl+a)y 2 ox I'd+4a)
t 2 2 na
I e Ll LG
Fl+a)y 2 ox I'd+4a)
the solution,
a 2a 3a da
u(x,t) = x? + x* x 2. .

—_— XXt
Irl+e) I'l+2a) I'l+3a) I'dl+4a)

:szt—: X°E,, (t*)
> T'(l+na)

we can readily check u(x,t) = x*E_ (t*) is an exact solution of equation.(4.4).

Example4.3 [14] Consider the two dimensional inhomogeneous wave equation:

o“u(x, y,t) _ ou(x,y,t) . ou(x, y,t)

O<a<l 4.7
o0t ox? oy° 4.1
subject to a initial condition
u(x, y,0)=sinxsiny
we construct the following homotopy
o“u  0%u o°u  d°u  du o“u  o“u 0°u, o*u d%
A-P) )+ =5 —=2) =0 e P 2 =0
ot ot ot“  ox° oy ot ot ot oxX° oy

(4.8)
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../
we consider u as
u=u,+pu, + p2U2 + p3U3 L (4.9)

substituting (4.9) in (4.8) and equating the coefficients of like powers of p, we get following set of
differential equations

00 : 0%u,  9%u,
ot” ot
1, 0%y 0%y o°u, N o%u,
p ) a a 2 2
ot at* x> oy
,.0%, 0%, . o°u,
) ata aXZ ayZ

=0, u(x,y,0)=sinxsiny

2. 0%y _ o’u, . o’u,
ote  ox* oy?
0.0y _ o%u, . o%u,
ata aXZ 8y2

n. aOlun — 82un—l + azun—1

) ata aXZ ayZ
solving the systems accordingly, thus we obtain,

a

U (X, y,t) =sinxsiny u, = u°)(d§)“ =u,=-2 sinxsiny
0 1 1

t a 2
1 I_au0+8u ok

FA+a)y o0& x> oy? rl+a)

o%u, azul . o 2
u, = F(l+a)J-( ay2 )(d&) = u, =2°sinx sin y—l_(1+2a)

82U2 2u2 3 e ) 3a
Us = F(1+a)-[( ay2 )([dSE)* = u, =-2"sinXx sin y—F(1+3a)

0%u, 8 U, . s £
u, = F(1+a)j( ay > )(dE)" = u, =27 sinx smy—(l+4a)

o%u, " L Mon ey o t"

u, _1_(1+a)£( P, Y )(dE) = u, =(-1)"2"sinx sin y—r(1+na)
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the solution is

a 2a
u(x,y,t)=sinxsiny—2 sinx sin +2%sinxsiny——————--
(x.y:1) Y yF(1+a) yF(1+2a)
. ! 2 the ] )
=sin X sin -2)" ———— =sinxsiny E_(-2t*
yZOZ( )F(1+na) y E, (-2t%)

we can readily check u(x, y,t) is an exact solution of equation.(4.7).

Example4.4 [13] Consider the following one- dimensional linear inhomogeneous fractional wave equation

o“u(x,t) ou(x,t) t"“sinx
+ = +tcos X
ate x TI2-a) (4.10)
XxeR t>0, >0

subject to the initial condition
u(x,00=0

we construct the following homotopy:

a a a l-a «;
1- p)(a u o u0)+ p(6 u+8_u_t Smx—tcosx):O
ot  ot” ot ox T'2-a)
o a a 1-a ~;
U Ty @Yo, U TISINX iy =0 (4.11)
ot  ot” ot ox T'Q-a)
we consider u as
U=u, + pu, + p°u, + p°ug +--- (4.12)

substituting (4.12)in (4.11)and equating the coefficients of like powers of p, we get following set of
differential equations
o“u, 0“u

0.— 0__— 0_0, u(x,0)=0
P e (x,0)
0.0, 9%uy U, . t“ sin x
ot o x I'(2-a)
) 0y _ouy

+tcos X

P T T
p3:a"‘u3:_%
ot OoX
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4.0%,  Ouy

ot ox

a
n a un __aun—l

ot” OX

solving the systems accordingly, thus we obtain,

U, (x,t)=0
) t* cos x
u, =tsin X+ ————
I'2+ea)
t" cosx  t**“sinx
u, =— +
Ir2+a) TI'(2+2a)
t*2*sinx  t*3* cos x

T T@+20) T(2+3a)

therefore the solution is

t** cos x ~ t'* cos x N t*"2*sinx _ t1*2% sin x ~ t13% cos x L
I'2+a) TI'C+a) T'C+2a) T'(R+2a) T'(2+3a)

u(x,t) =tsinx+

canceling the noise terms and keeping the non-noise terms yield the exact solution of equation.(4.10).

5-conclusion:

Homotopy perturbation method has been known as a powerful tool for solving many functional
equations such as ordinary, partial differential equations, integral equations and fractional partial differential
equations .in this article, we have presented an new form of hmotopy perturbation method with modified
Riemann —Liouville derivative. The results reveal that the method is very effective and simple.
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