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Abstract:

In this paper, linear and nonlinear Fokker-Planck equations and some similar equations by using
homotopy perturbation method are solved. Some examples are solved by homotopy perturbation method to
illustrate the simplicity and reliability of this method.

Introduction:

The homotopy perturbation method proposed by Ji-Huan He[7,8,9]. Many authers try to improved this
method to solve various nonlinear problems [2,5, 10,11,12,13]. HPM vyields a very rapid convergence of the
solution series and some time one iteration leads to high accuracy of the solution.

Fokker-Planck equation (FPE), first applied to investigate the Brownian motion of particles, is now
largely employed in physics, engineering, biology and chemistry. Biazar and his co-authors [6] solved linear
and nonlinear Fokker-Planck equation by using variational iteration method, while Tatari and his co-authors
[11] used adomian decomposition method for this equation.

In this paper, we apply the homotopy perturbation method (HPM) for solve linear and nonlinear FPEs.

1- Fokker-Planck equation:
The general form of Fokker-Planck equation (FPE) for variables * and t is as follows [6]:

du d 9%
a7 = "E"M}Jrﬁﬂﬁ}] u(x, t), W

With the following initial condition:
ulx, 0) = fix), re R

Here B{x) = 0 s called the diffusion coefficient and 4{x} = 0 the drift coefficient. The diffusion and drift

coefficients can also be functions of * and t | i.e.
du d g3
E— _E_’q(l, f:}+ﬁ5(l, 1‘} Li-(.').,f}_, (2}
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Eq. (1) is an equation for the motion of the concentration field{x:t} Mathematically, this equation is
a linear second-order partial differential equation of parabolic type. Eg. (1) is also called forward
Kolmogorov equation. The backward Kolmogorov equation is written in the following form:

du d d*
=" [_4(1. r}a + B{x, r}ﬁl ulx, t), @)

A generalized form of Eq. (1) to & variables *1-%z. ... .Xx can be written as follows:
a.-

u',_
t

5=

N L -
—Za—x:fl:{ﬁ.}+qzim5:.j{1}l ulx, ), (4]
i= Lji=

With the following initial condition
ulx, 0) = fix), X=Xy, X5, .. ,Xy) € RN,

Generally in Eq.(4) drift vector 4: and diffusion tensor Z%; depend on V' variables *1. %z, - » %y

There is a more general form of FPE, which is nonlinear FPE. Nonlinear FPE has important applications
in various areas such as plasma physics, surface physics, population dynamic, biophysics, engineering,
neurosciences, nonlinear hydrodynamics, polymer physics, laser physics, pattern formation, psychology and
marketing. The nonlinear FPE for one variable is in the following form:

-

[— i_a4.|[1'.1‘.’u:]|+ J — B, t,ud e, i) (5)
dax daxd

ou _
ar

Eq. (5) for V variables *1.*z. . . Xy is in the following form:

ou a i . i a* PR e : N
5= —ZE_A:{x,r.l¢}+‘Zims:,j(a.r.u,}]u,(a.rl ¥ = (g% o xx)ERY.  (6)
i= Lj=

The paper is organized as follows: in the next section, the Homotopy perturbation method is introduced.
The application of Homotopy perturbation method for solving Fokker-Planck equation is introduced in
section 3. The application of the problem is obtained in section 4. In section 5, six examples explain the
application. Section 6 ends this paper in conclusion.

2-Homotopy perturbation method:
To illustrate the HPM, Ji-Huan He considered the following nonlinear differential equation [5, 8]:
Alw) - f) =0, ren (7)

With boundary conditions
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B (u. a“" an =0 rel ) (8)

Where 4 is a general differential operator, £ is a boundary operator, /& is a known analytic function, I

is a boundary of the domain®? .

The operator 4 can be generally divided in to two parts £ and & where L is linear, and & is
nonlinear, therefore equation(7) can be rewritten as follows:

Lw)+ Nlu) - fir)=o. (9)
The homotopy technique which is constructed by He [7], ¥@.p): 2 x[0.1] = R satisfied:

H(v,p) =1 - pdL(v) — Llu 0+ plAw) - f(+)1 = 0, (10aj

H(v,p) = L) - Llug) + pLuy) + pIN(w) - f(r)]1 =0, (10b)

Where ™ €2 and » € [0.1] that is called homotopy parameter, and e is an initial approximation of (9),
which is satisfies the boundary conditions. Obviously, from equation (10), we have:
H(v,0)=L(v) - Llu,) =0, (11)

Hiy,1)= A - fir) =10, (12}
and the changing process of ? from 0 to 1, is just that of ¥(.2) from () to ¥{r) . In topology, this is
called deformation, and L{v} — L{is} and A} = F{) are called homotopic.

The embedding parameter € [0.1] as a "small parameter” is used and assume that the solution of
equation (9) can be written as a power series in? :
ﬁ:ﬁu+-pﬁ1+-p:g:+... l:lS:I
Setting? = 1 results in the approximate solution of equation (7):

u=limv=vy+v, +v;+ (14
p-1

The series (14) is convergent for most cases; however, the convergent rate depends upon the nonlinear
operator ('} (the following opinions are suggested by He [7])

(1)The second derivative of N {(zJwith respect to ¥ must be small because the parameter may be relatively
large, ie., P =1,

-1 (dN -
(2)The norm of L ( / au) must be smaller than one so that the series converges.

Theorem [5]
Suppose that ¥ and ¥ be Banach space and ¥:X = ¥ js a contraction nonlinear mapping, that is

vu. T eX: INW-NEM<vIv -7 0<y<1

Which according to Banach's fixed point theorem, having the fixed pointt |, that isV ) =1u |
The sequence generated by the homotopy perturbation method will be regarded as
n-1

Vi = N{Vp_s), Vg = Z u;, n=123..
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=
X

E.(u)= {u' E——— = T‘}, .
flue™ — ull then we have the following

and suppose that Vo = vo = 1tg € Br(1) where
statements:
OHIVr —ull =y Nve — ulk
(i) Vn € Bru),
(jii) Az Ve =
Proof: (i) By the induction method on 7t , for * = 1 we have
I, —wll= NG — NGl < ylleg — ull
Assume that IVn—s — ull = ¥"*llvs — ull as an induction hypothesis, then
W, —ull= IV, _) - Nall < vV, _, — ull < " ey — ull = ¥ kg — ull
(ii) Using (i), we have
W, —ull <y g —ull < y™r < v =2V, € B, (u

(iii) Because of IV — ull = ¥ g — ull, andim V" = , we drive

3- Application of homotopy perturbation method:

1- At first, we construct a homotopy perturbation method for equation (1) as follows:

dv  dug
(I—P}(ar 61‘) [ EP A{x}+ B{I}] —0 (15)
or
dv  du, E:i'un _
(E—ﬁ)+p [ A+ 5 E(x}] =0 (16)

By substituting (13) into (16) and equating the coefficients of like terms with the identical powers

of ¥ , we obtain:

duv du
0,-"a _ a (170
P ot (17)
dv E:?u
1. 772 _ _ ™8
Py [ e f-llllx}+ E{x}]‘bu
ﬂun dA(xY J*B(x) dBxch dvg d*v, o
= — 7 — A4 + 2 12
ar+( 5 T axc )”"J'( )+ 25 =) S 2+ BGIS L
2 9vs

d a3
pe: 37 _[—EA{I}+@E(I}]L1
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AA(x) 83B(x) 8B (x) v, 8%, o
B ( dx + dx3 )Ll + (_ Abd + 2 dx :l dx 5 dxd L19)
dv d g
[ Sl B = 5
P ar [ ax‘q(x}+ax=3(x}]bk—1
_( 8A) 8*Bx) 8B (x) dv,,_, vy, _, o
B ( dx ¥ daxc® )Lk_l +( At + 2 dx ) & +50 daxc® (20,
By integration of the both sides of the equations, we obtain the following multiple solutions:
Vg = Uy (21)
[T _9Ax)  @*Bx)\ L OBGNdvy_, d3vy_,
Lk_.L [( dx + dxs )Lk_l-l_( AT 2—— dx ) dx 509 dxs dt
k=123, .. (22)
2- We construct a homotopy perturbation method for equation (2) as follows:
dv dug 5'1: d* .
{l_p}(ﬁ_ﬁ)+ [ e ——A{x. t) + A =E{I,I’}]L)—ﬂ {23}
Or
dv i, rﬁ'un a3 _
(ﬁ—ﬁ)’“ [ SoACL ) + 5 Bl r}] =0 (24)

By substitutlng (13) into (24) and equating the coefficients of like terms with the identical powers
of P , we obtain:
0 ve  dug

Por o (23)
ov Ju 2
1.%%1 _ _ 0 _ .
P at Vo
3AC,t) 8*B(x,?) 3B (x, 1)\ dv, v, du,
— v 25 G l) A2 Blx,
( e o ) ot (- 4000 x )8.1' Bt T (26)
dv. d a3
2.5 _|_ &% ,
pe: 3 —[ axﬂ{x,t}+axzﬂ{x,t}]tl
dACx, 1) 9*B(x,t) dB (c, th dv, d*v, R
= —_ 7 —_ ;51 ,r - 2 E ,I‘ 2?'
( dx + dx* )Ll-l_( Cx. 2) dax )E:?x +Bk& }E'i'x= nadd
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==
pk:% = [ ﬂ a_ Vg

B (_ dACe, t) 9*B(x,t)

dB (x, th dvy,_,
dx + dxs ) t

d*v
)vk_1+(— Alx, ) + 2 Bl )— —

ax ax 28)
By integration of the both sides of the equations, we obtain the following multiple solutions:
Vg = Up (29
o rt _dA(x,t)  3*B(x.t)\ B L 9B, N\ dvy_y
ve= | [( e o Ja + (- Al + 25 e B 2 1] gy
k=123, . (30)
3- We construct a homotopy perturbation method for equation (3) as follows:
v dig dv
{l_p}(ﬁ_ﬁ)-" (E:i'r [A{x} +E(x}5| ] =0 (31}
or
duv g At g ds _
(Ge-52)+e (Ge+ [z +seag]w) =0 e
By substituting (13) into (32) and equating the coefficients of like terms with the identical powers of 7,
we obtain:
du au
0. o _ 0 33
Pgr T (33)
dv _du dv
1. %% Clo 34
P 5 At [A{ Vax (34
A [ 1
2.%%2 _ _ k¥ 37
pe: 37 _.ﬁl{x} Fp (35)
k.%:_ A{x} Lk‘ + B(x } ‘] (36
pr: T T ey
By integration of the both sides of the equations, we obtain the following multiple solutions:
Vg = Uy (37

~L E:i'*' _ azq _
vy = — L [A{x} ;§1+E(x} ;;‘: tldt
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=
k=123, . (38)
4- We construct a homotopy perturbation method for equation (4) as follows:

81 Oiig ol = _
(l—p}(ﬁ—?)+ ( — Z—A (x)+;jz_lm5:'.;(x}]v)—0 (39)
or

%_a;;n)_l_p(aif—n_ Za—A ey 4+ Z = ax :-,J-(x)]a:)zo (103

By substituting (13) into (40) and equating the coefficients of like terms with the identical powers of 7,

we obtain:
dv du
u' 0 = o - \I
L T T (41)
dv d Yo as
'Pl:%: u” Z A )+ Z FrorTs -.J-{I}‘ﬁ'u
ou,  &OAK) . &B, (0 & oy, 20B,(X) v,
T V(’; dX; +V°i,,-:l OX.0X, iz_l:ﬁ“(x)axi Jﬂ; ox  0X,
- aB'j(x) v, < o0%v
a0 B, . 0 42
+i§'—:1 6Xj aXi+i,j:1 I'J(X)aXian (42)
dv i i 2
R.ES R _ A
Tt Zla H:(JC}‘l"IJZ:ia 3 By 0o vg-s
N N 2
_ AI(X) 0 Bi,j(x) ov, , 0B (X) oV,
- VH.Z:; dX, Hz‘l OX,0X; ,2_1: (X)ax, .;1 ox.  0Ox
N, 0B, ;(x) av L o°v
i k-1 B. k-1 43
+i;—1 ox;  0Xx +i.jz_1 I’J(X)fixiéxj (43)
By integration of the both sides of the equations, we obtain the following multiple solutions:
Yo = Ho (44
A )_ N ov,, &LaB;(x)av,, |
j klz kl.; 5X8X ;A'(X) X ﬂ; X OX, "
v, =—
0 aBi i( )avk—l N az Vi
el 7 kA B. .
_+§_:1 ox;  0X +§_:1 "‘(X)axiaxj |
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k=123,.. (45)

5- We construct a homotopy perturbation method for equation (5) as follows:

dv  du, [ 5% a a3 _
1- P}(ﬁ_ﬁ)'“b (ﬁ_ [—E.ﬁl{x, r,u}+$3{x,t,u}]t) =0 (46)
or
dv  du, dug [ @ gl
(§—¥)+ ( 37 [ Eﬂ{x, Lul+5— 343 Bx, 1, u}] =0 (47)

By substituting (13) into (47) and equating the coefficients of like terms with the identical powers
of P , we obtain:
0.9V _ dug

i ﬁ_ ar I\48/I
dv Ju d a2
1,%%1 _ _Fla _v .
p . T +[ axA{x,t}+—ax=E(x,t} g
dACGe, ), d*B(x, t,u) B (x, t,uhd r_'a‘: 7
:(— u+ — s )?.2‘1+(— Alx,t,bu)+ 2 u) tf1+E'L’x ru} it
dx dxt dx dx (49)
ov. i i
2. = |-
pe: T [ e Alzx, r*u,}+ E{x ru}]tl
dACx, th, d*B(x, t,u) dB(x, t,ul dv d*
=( “ 2 u) ( Al t, )+ 2 u) " B )
dx da? dx dx dxt (50)

dv d as
k9 _[_ 9 4
P 3 [ axﬂix,t,u}+—ax25{x, tw vy,

a8 (x, t, u})ﬂvk_l
dx

( A4, t,w)  8%B(x,t,u)

Blx,t }azvk"‘
= ax + E:Jx: + LU a -

dx A (51)
By integration of the both sides of the equations, we obtain the following multiple solutions:

)vk_l + (— Al tu)+ 2

Vg = Uy (52

I A, tuw) 9B (k. tou) dB(x, t,uNdvg_y
[( dx + dx 2 Ax ) dx

k=123, .. (53)

)ﬂk_l + (— Alx, t,u)+ 2 + Bx,t, u} k“ dt
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6- We construct a homotopy perturbation method for equation (6) as follows:

dv rﬂun o g3 _
{I_P}(ﬁ_ 7t ( I Za “““’”Za %) '.;f«“fatﬂlt)—ﬂ 54)

or

dv  du, r_'a‘un c d* Al =
(ﬁ_ ar) ( Za A{xtb}+za ¥ -,J-(x,r,a,)lz,)—o (55)

By substituting (13) into (40) and equating the coefficients of like terms with the identical powers of 7 ,
we obtain:
o 0ve  dug

Bt = ot (56)
pLaﬂl: au” Z A (.t vg) + Z o B; :(x,t,vg)|v
Tt dx; 0 9x;:0x; 10 A
~ N oA (x,1,,) 0%B,;(x,tv,) x,t,vo)a\/O
- at °iz X, 0;1 axax ,ZA“ Xtv‘” X “?_:1 o,
N (x,t,vo)a\/O N o2y
B, . (xt, 2 57
+.; - +§_=‘,1 L (x VO)axiaxj (57)
a N :
k Lk Z -Ajle tovg )+ Z FI P 9%, Byl tivg_ 1 Mve—,
— _y iaAi(X’t'Vkl)_i_v ia Bi,j(x’tivkl)_iAl(X tv VOVia N iaBi,j(X't’Vkl) OV
- Me Hx “CEn ox0X, ST ey A o oX;
N OB, (XY, ) avkl N azvk,
B. t, L 58
+§'1 ox +;1 Lxtvy) TE (58)

By integration of the both sides of the equations, we obtain the following multiple solutions:

Vg = g (59
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N _ N 5% B. (Xt N N 9B, (X.tV,
_Vklzw+vkl.z I,J(X Vk 1 —ZAI ’ k l}avk_l " Z I,j(X Vk 1) avk—l

sz_i N (;_I;IJ xle avk1 . 82kal o - " .
_+.§—:1 .;B'J X4V, ;) Sx0x. |
k=123, .. (60)
dug
Such that ule, 03 = ug (e, t), 59 37
The approximate solution is:
u=1v,+v,+v;+-- (61)
4-Examples:
Example 1
Consider Eq.(1) with the following initial condition:
ulx,0) = x, reR (62)
Letin Eq.(1)
Alx) = -1, (63)
Bix)=1. (64)
Assuming e {x. t} = X, as an initial approximation that satisfies the initial condition, from Eq.(21) and
substituting equations (63) and (64) into Eq.(22) we obtain
Uy =L,
ug, =0,
ug =10,
So that the solution of Eq.(1) will be as follows:
ulx,t) =ug+ uy =x+ t
Example 2
In this example we consider Eq.(2) with the initial condition:
u(x, 0) = sinh{x), reR (67
Let the drift and diffusion coefficient in Eq.(2) be in the following form:
A(x, t) = e"(coth{x) cosh(x) + sinh(x}) — sinh(x), (68)
B(x,t) = ef cosh(x). (69)
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Selecting 1o (. t) = sinh{x}  as an initial approximation in Eq.(29), and substituting equations (68) and
(69) into Eq.(30) we obtain the following successive approximations:

U, = tsinh{x},

-

t
U = Esinh{x},

3
Ug = 5 sinh(x},

I--l-
Uy = = sinh{x]},

24
Therefore,
B ( N ) .
14',{1',?}—.1—?—5—5—5—"' Slﬂh{.’l’}

That leads to the following solution:

u=et sinh{x}

Example 3
Consider the backward Kolmogorov Eq.(3) and let the initial condition be given by
ulxe, 0) = x + 1, reR (70)

Also, we consider
AGe,ty=—{x + 1), (71)
B{I,I’}szer. |:'}'2.:|

Assuming tefx. t) = sinh{x} jn Eq.(37) and substituting equations (71) and (72) into Eq.(38) we obtain
the following successive approximations:
uy =tlx+ 1),

rz

Ug = m,
I.B

Ha = 6(x+1)°
I'4

ey

Thus, we obtain

o t2 3 )
‘li,lkxji'):(l—f —————————— )(x—l}
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which is equivalent to the following closed form of the solution:
ule, ) =ef(x + 1)

Example 4
Consider Eq.(4), with the initial condition

ulx, 0) = x,, x = (x,, 1) e R? (73)
Also let

Ay, o) = x4,

AL (X, 2%,) = 5%5, 74)

[ Bqa(xy,2x5)=xf,
Bia(xq.x2)=1, o
) Bo,(xg.x2)=1, (75)
EE.:{xpxz}:I;:;

Consider g {xy.%3. 1) = x; as the zeroth approximation, using this selection in Eq.(44) and substituting
equations (71) and (72) into Eq.(45) we obtain the following successive approximation:
Uy = X, L,
r:
Ug =X,y E,

t—E
Ug = Xy F;

f‘
Uy = X, ﬂ;

Thus, the solution of Eq.(4) will be as the follows:
' 2 2t ‘
1L(,x1,:c=,r}:x1(1 +t+—+—+—+-- )
which is equivalent to the following closed form of the solution:
ul,, xp,t)=x,e"

Example 5
Consider the nonlinear FPE (5) such that
ulx, 0) = x3, x e R? (76)
4 x N
A, tbul=—u ——, (77}
x 3
B, t,u) = u. (78)

Substituting these values in Eq.(53) and considering e {x. £} = x* py the Eq.(52) we have

Uy = x3t,
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——
_t?
Ug = x‘?,
_t#®
Ug = x‘?,
_t*
g = x‘ﬂ,

Thus, the solution will be as follows:

ule, t) = x*et.

Example 6
Consider the generlized nonlinear Eq.(6), with the initial condition

M‘:I,ﬂ}:?ff, IZ(.TCI,J::}TERZ (79)
Also let

Xy (80)
Ay, wg) = xg,

4
{ Ag(xgaxgd=—1.

Eqi,(x.x) =1
Bizlry, 2} =1,
Bza00y,22) =1,
Boo(r,x)=m1u,

(81:1

By substitute these equations in Eq.(60) and selecting tta{*1, 2.t} = x§  from Eq.(59), we drive the
following results:

u, = —xit,

b2
g =.’:'Cf?,

Ug = —xF—,

Therefore, the solution of Eq.(6) is in the following form:
o If—lxlni'n X
ulx, t) = x§ Z ——=xfe™.

11l
n=o

The solutions obtained in examples (1-5) are the same those obtained by ADM [11] and VIM [6], and
the solution obtained in example (6) are the same this obtained by VIM [6].
Conclusion:

We solved the Fokker-Planck equation by homotopy perturbation method. We notice from the
examples that the HPM is very accurate method since the results of this method are the same results of
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ADM and VIM. So that the HPM is remarkably effective for solve the Fokker-Planck equation. In our work,
we use the Maplel3 to calculate the results which are obtained from the iteration method HPM.
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