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1. Introduction 
          The Bochner tensor was given by S. Bochner (1949)[4]. He found this tensor in the Kahler 

manifold as Weyle's tensor(conformal curvature of Riemannian manifold). S. Tachibana (1967)[13] 

gave it the real form and proved that the Bochner tensor has a meaning on any almost Hermatian 

manifold. M. Mastumoto(1969)[10] proved that Kahler manifold of constant scalar curvature tensor 

with zero Bochner tensor is local symmetric. S. Tachibana (1970)[14] proved that Kahler manifold 

of constant scalar curvature tensor with zero Bochner tensor is local holomorphic-isometric of 

product complex spaces. Z. Olsgak(1984)[12] gave classification of 4-dimensioal compact flat 

Bochner of Kahler manifold with non positive scalar curvature tensor. M. Petrovic and L. 

Verstraclen(1987)[11] are classified flat Bochner of Kahler manifold that  the Weyle's tensor 

satisfies some conditions. A. Al-Othman(1993)[2] studied the Bochner tensor of Nearly Kahler 

manifold, he found the classification of flat Bochner tensor of  NK-manifold and studied the 

Bochner tensor of B-constant type of almost Hermatian manifold and he defined the holomorphic 

Bochner curvature of  almost Hermatian manifold. A. Al-Othman(2008)[1] studied the Bochner-

recurrent Nearly Kahler manifold, he proved that Bochner-Recurrent Nearly Kahler manifold is 

either Bochner-symmetrical or Bochner-recurrent Kahler manifold. 

         In this present work we give the components of Bochner tensor of Almost Kahler manifold and 

study the almost Kahler manifold of class  .  

2. Preliminiries 
Definition 1.2 [5] 

        A tensor field  of type (1,1) is called an almost complex structure, such that, at each point 

 can be defined an endomorphism of the tangent space   with the property  , 

where   is the identity transformation. 
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Definition 2.2 [5] 

        A manifold provided by the almost complex structure is called an almost complex manifold. 

 It is well-known, that every complex manifold has even dimension and it is orintable. In general the 

converse is not true[8]. 

       In the module   can be defined two projections     and           

,  where  is the complexification of the module  . 

 The setting of projections  is equivalent to the decomposition of the module in the 

direct sum of these projections. 

 i.e. .  

Definition 3.2 [8] 

        The pair  is called an almost Hermitian structure ( - structure) on the manifold 

M,  where   is the almost complex structure on M,   is a Riemannian metric on M,  such that 

  

Definition 4.2 [8]  

       A manifold provided by - structure is called an almost Hermiation manifold. It is known [6] 

that the setting of an almost Hermiation  structure on M is equivalent to the sitting of  adjoint G-

structure on M with structure group is a unitary group . This G-structure is called an adjont G-

structure space[7]. 

      Assume that the value of indices  is in the range 1 to n, and the indices 

 is in the range 1 to 2n. Denote  , then the indices are 

  . 

 In the space of the adjoint G-structure, the components of the tensor fields  are given by the 

matrices:[9] 

                                                            (2.1) 

 Where   is the unit matrix of order n. 

Definition 5.2 [9] 

        An AH-structure is called an almost Kahler structure(AK- structure) if the fundamental form 

 is closed i.e. . 

 A manifold M with AK-structure is called an almost Kahler manifold(AK-manifold). 

Definition 6.2 [9]  

        The components of the fundamental form in the adjoint G-structure space are given by the matrix: 

                                                                                  (2.2) 

Definition 7.2 [9]  

            The Riemannian curvature tensor  for  is -covariant tensor: 

 which is defined by:  

  where   and satisfied the following 

properties : 

1. R (   
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2. R (  

3. R (      

4. R (  R (              

 Proposition  8.2 [9] 

       The components of Riemannian curvature tensor of AK-manifold in the adjont G-structure space 

are: 

1.  
cbh
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dcb
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ˆ

ˆˆ
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ˆ
ˆ


 
 15.

 

d
cab

a

dbc
BR 2

ˆ
ˆ


  
   

 
     

16. hab
hcda

dcb
BBR 4

ˆ
ˆˆ
  

3. Bochner curvature tensor  
Definition 1.3 [2]  

        Bochner curvature  tensor on AH-manifold defined as the following form: 

 

 Where    ,   is a Ricci tensor and  is 

a scalar curvature tensor and . 

Let and we have , thus   
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 where                                                                                     (1.3)   

  and       

 and                                                  (2.3) 

Theorem 1.3 

      The components of  Bochner curvature tensor of  -manifold   are:  

1.    

2. )  

3. )   

4.   

5.  

6.  

7.   

8.  

Proof 

        suppose that  M  is AK-manifold, in the adjoint G-structure space   by using  (2.1), (2.2),  (1.3)  

and (2.3)  we get : 

1. put    we obtained                                                      (3.3) 

2.put     we get                                                              (4.3) 

3. put      we get                                                (5.3)                         

4.put    we get                                                   (6.3) 

We compute the components of   , in the same   computes  we obtained: 

                                                                                                     (7.3) 

                                                                                                       (8.3) 

                                                                                  (9.3) 

                                                                              (10.3) 

Now we compute the components of Bochner curvature tensor:          

1.put    then: 

 
From equations (2.1), (2.2), (1.3) – (10.3)  we get : 

                                                                                                                 (11.3) 
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2. put    then: 

 
From equations (2.1, 2.2, 1.3-10.3)  we get : 

)      (12.3)  

3. put    then: 

)          (13.3) 

4. put    then: 

   (14.3) 

5. put    then: 

               (15.3) 

6.put   then: 

                                                                                                              (16.3) 

7. put   then: 

                                   (17.3) 

8. put   then: 

                                 (18.3) 

 

 

Definition 2.3 [2] 

       The  Bochner curvature tensor is of: 

1. class if   

2. class if  

3. class  if     

Definition 3.3 [3] 

       An AH-manifolds is called a Kahler manifold if   and called an almost kahler manifold 

if   where  is structure tensor( Kirichenko's tensor), and the bracket ( ) denote to 

symmetric.  

Theorem 2.3 
             Almost Kahler manifold  M is of class  if and only if  M is Kahler manifold. 

Proof 

    According to class  we get : 

 

 

 

 
  Thus  
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 Since   

By folding (a  and  c) and ( b  and  d)  we get 

                               

 According to [3]this Kahler condition. 

Therefore  is Kahler manifold. 

References: 
1.Abu-saleem A., Bochner- Recurrent nearly Kahlerian manifold, International Mathematical form, 3, 18, 

893-900,2008. 

2. Ahmed M. Al-Othman, Geometry of  Bochner  tensor of nearly Kahler manifold ,Ph.D. thesis, Moscow 

pedagogical state university, Moscow,1993. 

3 Banaru M., A New characterization of the Gray-Hervalla classes  of AH-manifolds,   

       8
th
 international conference on differential  Geometry and its applications. August  27-  31, Opava- Czech 

republic,2001.    

4. Bochner S., Curvature and Betti numbers. II, Ann. Of math. , 50, 77-93,1949.    

5. Helgason S., Differential Geometry, Lie group, and symmetric spaces, Academic  Press,1978. 

6. Kirichenko V. F., Methods of generalization of  Hermition geometry in the theory of  almost contact 

manifold, problems of geometry, Moscow, 18, 25-71,1986. 

7. Kirichenko V. F., On geometry of Lagrange's submanifolds , Mat ,Zemetki , M. 69,  1,  36-51,2001. 

8. Kobayashi S., and Nomizu K. , Foundations of  differential  Geometry, V.II,John    Wiley  and Sons,1969. 

9. Lamis K. Ali,  On almost Kahler manifold of apointwise holomorphic sectional curvature tensor , M.Sc. 

thesis, Basrah University, Basrah,2009.  
10.Matsumoto M. , On Kahlerian spaces with parallel or vanishing curvature tensor, Tensor N. S. , 20 , 25-

28,1969. 

11. Petrovic M. and Verstraclen L. ,  On the con circular tensor, the projective curvature tensor and the 

Einstein curvature tensor of Bochner-Kahler manifolds, Math. Rep. Toyama Univ. 10, 37-61,1987. 

12. Olsgak Z. ,  Bochner flat manifold, Diff. geom.. Banash cp. , 12, 219-223,1984. 

13. Tachibana S. ,  On Bochner curvature tensor, Not. Sci. Ochanomdzu univ. 18, 15-19,1967. 

14. Tachibana S. ,  Notes on Kahlerian metrics with vanishing Bochner curvature tensor,  

            Kodi. Math. Semin. Repts, 22, 313-321,1970. 
 

 

 

 

 

 

 

 

 تنسر انحناء بوخنر لمتعدد الطيات كوهلر التقريبي

 

 

 الخلاصة

 

في هذا البحث تم حساب مركبات تتسر انحناء بوخنر لمتعدد الطيات كوهلر التقريبي واثبات أن متعدد الطيات       

 إذا وفقط إذا  كان من الصنف كوهلر. كوهلر التقريبي يكون من الصنف  

 


