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Abstract
In this paper we give some results about fuzzy quasi prime submodules,
also,we study the notion of quasi primary fuzzy submodules.

N
1. Introdyction:

The notion of prime fuzzy submodules
was introduced by Hatem Y.K [1] and
some results a bout this concept are
presented .In this paper we give more
results about this concept and study the
extension of quasi primary fuzzy
submodule by fuzzifing the notion of
(ordinary) quasi  primary  fuzzy
submodule and give some
characterizations about it ,also we give
some properties related to it.

Through out the paper R is a
commutative ring with unity and M is
an R-module.

2. Preliminaries:

We record here some basic concepts
and clarify notions which are used in
the next work .For details,we refer to
[2,3].

Definition 2.1 [2]:
A fuzzy set is a mapping X from a
nonempty set M in to [0,1], then the set

X =lreM\X(x)2t]

is called a level subset of X.

Definition 2.2 [3]:

Let ™ M =00 be a fuzzy set in
M, where, xeM,te[0]1], then Xx; is
defined by :

t if x=y
X (Y) = .

0 if xzyforally e M.
X, is called a fuzzy singleton.
If x=0 and t=1, then:

Definition 2.3 [4]:

A fuzzy set X in R-module M is
called fuzzy R-module if and only if
each x,ye M andr eR, then:

1 ify=0
%) {o if y=0
Definition 2.3 [4]:

A fuzzy set X in R-module M is
called a fuzzy R-module if and only if
each x,ye M andr eR, then:

1. X(x—y) > min{X(x), X(y)}.
2. X(rx) = X(x)
3. X(0)=1. (0 is the zero element of M).
Definition 2.4 [5]:
Let A and X be two fuzzy module

of an R-module M, A is called a fuzzy
submodule of X ifand only if Ac X .
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Definition 2.5 [5]:

Let rr and xs be two fuzzy
singletons of R and M respectively. then
X, = (rx),, Where A=min{s,t}.
Definition 2.6 [5]:

Let r; be a fuzzy singleton of R and
A be a fuzzy module of R-module. Then

for any weM,

sup{inf{t, A(X)}},if all w = rx for some x € M.
(AW = { pnF{tAMILif all

0 otherwise

Definition 2.7 [6]:

Let X be a nonempty fuzzy
module of R-module M. The fuzzy
annihilator of A denoted by F-annA is
defined by:

F-annA=(0,: A)={x, : xAc0,xeR,te[01]}

Where A is a proper fuzzy submodule
of X.

3. Quasi Prime Fuzzy

submodules:

In this section we turn our attention
to the extension of a quasi prime
modules.

Definition 3.1 [1]:

A fuzzy submodule A of a fuzzy
module X of an R-module M is called
quasi prime fuzzy submodule of X if
whenever ab,x, c A for fuzzy
singleton a,,bof Randx, c X,
implies thata b, = Aorb, x, c A.
Definition 3.2 [1]:

Let X be a fuzzy module of an R-
module M. X is called a quasi prime
fuzzy module if and only if F-annA is a
prime fuzzy ideal of R for each
nonempty fuzzy submodule A of X.
Equivalently, F-ann(x;)=F-ann(rsx;) for
each x, <X and for each fuzzy
singleton r; of R such that
r.F-annX.
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Definition 3.3 [6]:

Let A be a fuzzy submodule of a
fuzzy module X, then A is called an
essential fuzzy submodule if
AnB =0, for each nonempty fuzzy

submodule B of X.
Lemma 3.4[6]:

Let A be an essential fuzzy
submodule of X,if a, < X ,then there

exists a fuzzy singleton r; of R such that
0,#ra, c A

we noticed that if a fuzzy module X
is quasi prime fuzzy module ,then any
fuzzy submodule of X is a quasi prime
fuzzy module but the converse is not
true,see[1,Remarks and  Examples
2.1.3(4)]. However, we put certain
condition under which the converse is
true.

Proposition 3.5:

Let A be an essential fuzzy
submodule of a fuzzy module X such
that F-ann x=F-ann rg; for each
X, < X and for a fuzzy singleton r; of R

such that r, ¢ F—annx,, then X is a

quasi prime fuzzy module if and only if
A is a quasi prime fuzzy module.
Proof

Suppose that A is a quasi prime
fuzzy R-module.
To prove that 0; is a quasi prime fuzzy
submodule of X.

Let a,b,x, =0,
for fuzzy singletons a, by of R and
X, € X .Since A is an essential fuzzy

submodule, thus by lemma 3.4, there
exists a fuzzy singleton rs of R such that
0, #r,x, < Athatis r, z F —annx, .

Hencea,b, (r,x,) <0,. But A is a quasi
prime fuzzy R-module, thus 0; is a quasi

prime fuzzy submodule of A by [1,
proposition 3.4.1], SO either
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a(rx)c0, or b/(rx)c0, thus
either a, < F —annrx, or
b, € F—annrx,. But

F —annr,x, = F —annx, .
Consequently, either a, < F —annx, or
b, € F —annx,, that is either ax, <0,
or b,x, <0,. Hence X is a quasi prime
fuzzy module by [1, proposition 3.4.1].
The converse follows directly by

[1, Remarks and Examples 2.1.3(4)].
Definition 3.6 [6]:

A fuzzy module X is called faithful
if F-annX=0;.

Recall that a fuzzy ideal | of a ring
R is called a prime fuzzy ideal of R if for

each r.a, < | ,then either
rrclora, cI,[7]
Corollary 3.7:

Let A be an essential fuzzy
submodule of a fuzzy module X, if Ais a
faithful quasi prime module, then X is a
faithful quasi prime fuzzy module.
Proof:

Since A is a faithful, then F-annA=0,,

also, Ac X, then F—annX < F —annA
by [6, Remark 1.2.18], which implies
that F —annX < 0,, but 0, c F —annX,
hence F-annX=04, That is X is faithful,
moreover it follows that F-annX=F-
annA.
Now, to prove X is a quasi prime fuzzy
module,it is enough to prove that F-
ann(xy)=F-ann(rsxy) for each x, < X
and for each fuzzy singleton r; of R such
that r.z F —annX.

Let a cF-annr,x, for a fuzzy
singleton r; of R andx, < X, then
a,(rx)c0,.
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Consequently, (a,r,)x, < 0,. This implies
thata,r, < F —annx, SO
ar,cF-annx. But  F-annX=F-
annAithen ar, cF—-anmnA, thus F-

annA is prime fuzzy ideal by [1,
definition 2.1.1], since r, ¢ F —annA.

So a, cF—annA, implies that
a, < F—annX, hence a X c0,, that is
X, < X, hence
F—-annr,x, c F—annx, ...(1)

Now, let a ¢c F—annx, for a fuzzy
singleton ayof Rand x, c X .

By lemma 3.4, there exists fuzzy
singleton rs of R such that 0, = r,x, c A,
that is r, ¢ F—annx,, so a(r,x,)c0,
which implies that a, < F —ann(r,x, ),
thus F —annx, < F —annr,x, ...(2)
From (1) and (2) we get F-annx=F-
annrgx;, thus X is a quasi prime fuzzy
module by [1, theorem 2.1.9(3)].
Definition 3.8 [6]:

A fuzzy module X is called fuzzy
torsion free if F-annx=0; for any
X < X, X #0, where

F —annx, ={r, :r, fuzzysingleton of R,r,x, <0, }

ax, <0, for all

Lemma 3.9:

Let R be an integral domain and let
X be a torsion free fuzzy module of R-
module M, then X is a quasi prime
fuzzy module.
Proof:

Suppose that X is a torsion free fuzzy
module. To prove 0; is quasi prime
fuzzy submodule of X.

Let ab,x, <0, for fuzzy singletons

a,bxof Rand x, < X.

If
b.x, <« O,,then a < F—-annbx,,

since F—ann(b,x,)=F —anny,, where
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A =min{k,tland y=bx by [1, Remark
1.2.14] so a cF—-anny,. But
F —anny, =0, because X is a torsion
free,so a, < 0,.

On the other hand, 0, c F—annX,
which implies that a, < F —annX, that
is

a, X < 0,, by [6, definition 1.2.17], hence
ax, <0, forall x, c X.

Thus, X is a quasi prime fuzzy module
by [1,proposition 3.4.1].

4. Quasi

submodule.

In this section we introduce the
concept of quasi primary fuzzy
submodule by fuzzifying the ordinary
notion of primary submodule .
Definition 4.1 [5]:

A fuzzy submodule A of a fuzzy
module X is called a primary fuzzy
submodule if for each fuzzy singleton ry
of R and a, X such that ra, c A,

then either

Primary fuzzy

N = i gy e
5 CAwr A= CRemendne I nortiatm, CLA- T

,Where
(A: X)={r, :r. X < Ar, fuzzysin gletonof R}

Recall that if A is a fuzzy
submodule of a fuzzy module X of an R-
module and | is a fuzzy ideal of R then
(A:l) define as:

(A:1)={a,,a,1 < Aa, < X},note that
I 1=(ry),then:

(A:(r))={a, :ra, < Aa < X},[8].
Proposition 4.2:

Let A be a proper fuzzy submodule
of a fuzzy module X, then the following
statements are equivalent:

1. Alis a primary fuzzy submodule of X.
2. (A:1) is a primary fuzzy submodule of
X for each fuzzy ideal | of R.
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3. (A:(ry)) is a primary fuzzy submodule
of X for each fuzzy singleton r; of R.
Proof:

1-52:
Suppose that rx, < (A:l) for each

X, < X and a fuzzy singleton r; of R

and | be a fuzzy ideal of R.It follows
that a,r,x, < A for each fuzzy singleton

a of I, then either ax, c A for each
fuzzy  singleton & of I or
r'c(A:X),neZ".

So, either x, < (A:1)orr'X < A, since
Ac (A:1),by [8, theorem 3.3], hence
r"X < (A:1), implies that

r" < ((A:1):X),it  follows, either

X, < (A:D)orr! < ((A:1):X), hence
(A:1) is a primary fuzzy submodule of X

2—->3:
Itis clear.
3—-1:
It follows easily by taking r=1 and t=1.

Recall that a proper submodule N
ofan R-module M is said to be quasi
primary submodule if [N:K] is a
primary ideal of R if for -each
submodule K of M such that
N < K ,where [N:K]={re R:rk = N},[9].

We shall fuzzify this concept as
follows:

Definition 4.3 :

A proper fuzzy submodule A of a
fuzzy module X is said to be quasi
primary fuzzy submodule if (A:B) is a
primary fuzzy ideal of R for each fuzzy
submodule B of X such that AcB
where

(A:B)={r./r,B c A for afuzzysingleton r, of R}
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Proposition 4.4:

Let A be a proper fuzzy
submodule of a fuzzy module X, then A
is a quasi primary fuzzy submodule of

X if and only if vA:B=./A:r,B for

each primary fuzzy submodule B of X
and for each fuzzy singleton r; of R
such that AcBandrBz A .

Proof:
It is clear that vA:B c\/A:rB .

Now, let a, < /A:r,B forall rBz A,
hence a; < (A:r,B) forsome neZ*

and so a;r,.Bc< A ,which implies that
a,r, < (A:B). But (A:B) is a primary
fuzzy ideal of R and r, ¢ (A:B),s0
(aQ)mg(A:B) for some meZ*,thus
a; c(A:B) where s=nm so that
a, cJA:B; that is JA:LB cVA:B
and hence vA:B=.A:rB.

Conversely, to prove (A:B) is a
primary uzzy ideal of R for each
AcB.

Suppose that a,r, — (A:B) for a fuzzy

singleton ax and r; of R. If r,  (A:B),
then a, c(A:r,B)c,/A:rB=+VA:B
and hence A is a quasi primary fuzzy
submodule of X.
Proposition 4.5:

Let A be a fuzzy submodule of a
fuzzy module X, then A is a quasi
primary submodule of X if and only if
(A:l) is a quasi primary fuzzy
submodule of X for each fuzzy ideal | of
R.

Proof:

Suppose that A is a quasi primary

fuzzy submodule of X.
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By [8, theorem 3.3], (A:l) is a fuzzy
submodule of X.

To prove (A:l) is a quasi primary
fuzzy submodule of X, we must prove
((A:1):B) is a primary fuzzy ideal for
each (A:1) < B.

Ac (A:1)c B by [8, lemma 2.16(1)] .
Now, suppose that a,r, < ((A:1):B) for
fuzzy singleton r; and ax of R, then
arBc (A:l),soa, Bl c A, suppose
that a, z ((A:1):B), then a Bl ¢ A,
hence a,r,l c (A:B).

But, (A:B) is a primary fuzzy ideal by
definition 4.3 and a,l & (A:B).Thus,
r’ < (A:B) for some neZ® and so
r'Bc Ac (A:l), therefore
r’ < ((A:1):B)and hence (A:l) is a
quasi primary fuzzy submodule of X.
The converse follows by taking | = y.,

where y,(a)=1for all aeR and by

similar to the proof of [6, proposition
2.1.16].

Recall that an R-module m is said to
be a quasi primary module if annN is a
primary ideal of R, for each non zero
submodule N of M,[9].

Our attempt to fuzzify this concept is
as follows:

Definition 4.6 :

A fuzzy module X of R —-module M
is said to be quasi primary fuzzy
module if and only if F-annA=(0;:A) is a
primary fuzzy ideal for each nonempty
fuzzy submodule A of X..

Proposition 4.7:

A fuzzy module X is a quasi
primary fuzzy module if and only if 04 is
a quasi primary fuzzy submodule of X.
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Proof:

Suppose that X is a quasi primary
fuzzy module.
To prove 01 is a quasi primary fuzzy
submodule of X, since X is a quasi
primary fuzzy submodule, then F-annA
is a primary fuzzy ideal for each
nonempty fuzzy submodule A of X.Thus
(01:A) is primary fuzzy ideal and hence
0, is quasi primary fuzzy submodule of
X.
Conversely, if 01 is quasi primary fuzzy
submodule of X, to prove X is a quasi
primary fuzzy module. Since 0; is a
quasi primary fuzzy submodule, then
(01:A) is a primary fuzzy ideal for each
nonempty fuzzy submodule.
But (0::A)=F-annA, so X is a quasi
primary fuzzy R-module.
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