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Abstract

This paper studied the bifurcation solutions of elastic beams equation by using
Lyapunov-Schmidt method. The bifurcation equation corresponding to the elastic beams
equation has been found. Also, the Discriminant set (bifurcation set) of the elastic beams
equation has been found for some values of parameters.
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1. Introduction
It is known that many of the nonlinear problems that appear in Mathematics and Physics

can be written in the form of operator equation,
f(x,)=b, xeOcX, beY, AeR" .. (11)

where f is a smooth Fredholm map of index zero and X, Y are Banach spaces and O is an open

subset of X. For these problems, the method of reduction to finite dimensional equation,

O, Le)=p, £cM, BeN. .. (1.2)
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B
Can be used, where M and N are smooth finite dimensional manifolds.

Passage from equation (1.1) into the equation (1.2) (Variant local scheme of Lyapunov-
Schmidt) with the conditions, that equation (1.2) has all the topological and analytical properties
of equation (1.1) (multiplicity, bifurcation diagram, etc) dealing with [3],[13],[14],[10] .

The oscillations and motion of waves of the elastic beams on elastic foundations can be
described by means of the following PDE,
o’y o'y  o%y

52 T ax T tAYEW =Y,

where y is the deflection of beam and w =c¢(x) ( & - small parameter) is a continuous

function. It is known that, to study the oscillations of beams, equilibrium state (w(x)=y(x,t))

should be considered which is described by the equation,

4 2
:XVX+anV;I+ﬂW+WW”:Q//, .. (1.3)

Equation (1.3) is a special case of the general nonlinear differential equation of fourth order,

d'w  d’w g
rta——+pw+g(4,w) =y,
d x d x L (14)

W= W, W ’ w/ ’ w ’ W””).

When g(A4,W)=-KkW’ and v =0 equation (1.4) has been studied as follows: Thompson
and Stewart [6] showed numerically the existence of periodic solutions of equation (1.4) for
some values of parameters. Bardin and Furta [1] used the local method of Lyapunov-Schmidt
and found the sufficient conditions of existence of periodic waves of equation (1.4), also they
introduced the solutions of equation (1.4) in the form of power series. Furta and Piccione [5]
showed the existence of periodic travelling wave solutions of equation (1.4) describing
oscillations of an infinite beam, which lies on a non-linearly elastic support with non-small

amplitudes. Sapronov [12] applied the local method of Lyapunov —Schmidt and found the

bifurcation solutions of equation (1.4) when g(l,vT/) =w*and w =0 with the boundary

conditions,

w(0) =w(z) =w" (0) =w" (x) =0.
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In his study he solved the bifurcation equation corresponding to the equation (1.4) and found the

bifurcation diagram of a specify problem. When g(4,w) =w? andy # 0, equation (1.4) has

been studied by Abdul Hussain [7], it was shown that by using local method of Lyapunov —

Schmidt the existence of bifurcation solutions of equation (1.4) with the conditions,
w(0) =w(l) =w" (0)=w" (1) =0.
and another study with the conditions,
w(x,) =g, W(X,)=¢g,,
0<x <X,<1 &,¢&, aresmall parametrs.

Also, a new study of corner singularities of smooth maps was given in the analysis of

bifurcations balance of the elastic beams and periodic waves. When g(A4,W) =W+ W’

equation (1.4) was studied by Sapronov [2], in his work he found bifurcation periodic solutions
of equation (1.4) by using local method of Lyapunov —Schmidt. Also, he solved the bifurcation
equation corresponding to the equation (1.4) and found the bifurcation diagram of a specify

problem. When g(/i, W) =W +W’ and w # 0 equation (1.4) was studied by Mohammed

[9], in his work he found bifurcation solutions of equation (1.4) by using local method of
Lyapunov —Schmidt. Also, he solved the bifurcation equation corresponding to the equation (1.4)

~\ _ \ns2 3
and found the bifurcation diagram of a specify problem. When g (/7” W) =W+ W VE 0

and év €2 7 0 equation (1.4) was studied by Abdul Hussain (2009) [8], he found the bifurcation

solutions of equation (1.4) by using local method of Lyapunov-Schmid

In this paper we used local method of Lyapunov —Schmidt to study the bifurcation solutions of
the boundary value problem,

d'w  d’w p
rta—s+ [W+WW =y,
d x d x . (15)

w(0) =w(z) =w" (0) =w" () =0.

We shall introduce two basic definitions.

Definition 1.1[4] suppose that E and F are Banach spaces and A:E — F be a linear
continuous operator. The operator A is called Fredholm operator, if

1- The kernel of A, Ker(A), is finite dimensional,

2- Therang of A, Im(A), is closed in F,

3- The Cokernel of A, Coker (A), is finite dimensional.

The number dim(Ker A )- dim(Coker A)
is called Fredholm index of the operator A and denote it by ind(A).
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Definition 1.2[12] The set of all A in which equation (1.1) has degenerate solutions is called the
Discriminant set.

2. Reduction to the bifurcation equation

To study problem (1.5) it is convenient to set the ODE in the form of operator equation [12],
that is;

d* d?
f(w,/’t):dx\':'+adxv;'+ﬁw+ww” .. (2.1)

where f> E—~M is a nonlinear Fredholm map of index zero from Banach space E to Banach
space M, E = C4([0,7Z'], R) is the space of all continuous functions that have derivative of

order at most four, M =C°([0,7],R) is the space of all continuous functions and

w=w(x), xe[0,z], A=(a,p). In this case the bifurcation solutions of equation (2.1) is
equivalent to the bifurcation solutions of the operator equation,
fwid)=ywv, wveM, ... (2.2)
The first step in this reduction is to determine the linearized equation corresponding to the

equation (2.2), which is given by the following equation,
Ah=0, heE,

o f d* d?
A=——(0,4) = + +/,
aw( ) dx* adxz P

h(0) =h(x) =h" (0) =h" (1) = 0.

The solutions of linearized equation is given by,

e,(x)=c,sin(px), p=123,..
and the characteristic equation corresponding to this solution is,
p*—ap’+p=0.
This equation gives in the of-plane characteristic Iinesfp. The characteristic lines Kp

consist of the points (e, ) in which the linearized equation has non-zero solutions. The point
of intersection of characteristic lines in the af-plane is a bifurcation point [12]. So for equation

(2.1) the point (a, B) = (5, 4) is a bifurcation point. Localized parameters ¢, S as follows,

a=5+6,, p=4+7,, 0., 0, aresmall.
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Lead to bifurcation along the modese,(X)=c,sin(x), e,(X)=c,sin(2x), where

2
Heluzuezu=l, andc, =C, = .|—.
T

Let N = Ker(A) = span {e; , e; }, then the space E can be decomposed in direct sum of two

subspaces, N and the orthogonal complement to N,
E=N®N", N*={veE:v_ LN}
Similarly, the space M can be decomposed in direct sum of two subspaces, N and the

orthogonal complement to N ,

M=N®&N*, N‘'={veM:vLN}

There exist two projections P:E — N and (I —P):E — N~ such that

Pw=u, (I-P)w=v

and hence every vector W € E can be written in the form,
2

w=u+v, u=> &eeN, veN, &=(we).

i=1

Similarly, there exist two projections Q: M — Nand (I —Q): M — N* such that

QF(w, 4) = F (w,4),

(1 -Q)F(w,2) = F,(w, 1)

Every vector W € E can be written in the form,

2
w=u+v, u=> &eeN, NLveE™? & =(we).
i=1
and hence,
F(w,A4)=F (w,1)+F,(w,1),

) =3 u(wa)e N, Fy(wa)e i,

i=1

Vi (W’ﬁ) = < F(W’ﬂ')1ei >

Since ¥ €M implies that y =y, +vy,, w,=te +t,e,eN, y,e N*. Accordingly,
equation (2.2) can be written in the form,
QF(w,4) =y,
(1-QF(w,4) =y,
Or
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=
QF(U+Vv,A) =y,
(I-QFUu+Vv,4) =y,

By implicit function theorem, there exists a smooth map @ : N — N (dependingon A ),
such that, ®(u,A)=V and
(1 -QFU+D(u,A),A)=vw,.
To find the solutions of the equation F(w, A) =y in the neighbourhood of the point w=0
it is sufficient to find the solutions of the equation,
QF(uU+D(u,1),4) =vy,. ... (2.3)

Equation (2.3) is called bifurcation equation of the equation (2.1) and then we have the
bifurcation equation in the form,

OE, )=y, ¢$=(5.5), A=(a,p),

O, ) =FUu+d(u,1),4).
Equation (2.1) can be written in the form,
Fu+v,A)=AUu+Vv)+T(u+vV)

= Au+uu” +--

Where,

Where, T(u+V) = (u+Vv)(u” +v") and the dots denote the terms consisting the element v.

Hence
O, 1)=F@u+v,1)

2
=Z<AU+uu”,ei>ei+--- —y,. .. (2.4)

i=1
Where ({-,+) y IS the scalar product in Hilbert space L, ([0, ], R)). Equation (2.4) implies that,
2
D> (Au+uu”,ede +-- =t e +t, 6, ... (25)
i=1
After some calculations of equation (2.5) we have the following result,

(Aﬁglz + Az§22 + %51)91 +(Bl§l§2 + Bz gz)ez =te +t€

Where,

Al:__s\/z AZZEAI, A =a,(1), B =4A, B,=a,(4), and (1), @, (1) are
3r \'7x 5

spectral smooth functions. The symmetry of the function y(X) with respect to the involution
| ;- (X)>w (7 — X) implies that t,=0 and then we have stated the following result,

140



J.Thi-Qar Sci. Vol.3 (1) July/2011

...
THEOREM 2.1 The bifurcation equation

O(&, ) =RU+DU,4),4) =y,
Corresponding to the equation (2.2) has the following form,
16
512 +€§22 +ﬂ'1 51 +0Q,

O A)=| +0(£*) +0(&)0(5) =0.
Zéé+%é

Where, £=(&,&,), A=A, q)eR?, 8=(6,6,).0

The discriminant set 2 of the map ®(§,/€) is locally equivalent in the neighbourhood of

point zero to the discriminant set of the map
0,(&,1) [11],
16
9512 +€é:22 +/11951 +0
)
Zé@+%é

0, (& 4)= ..(2.6)

this means that, to study the discriminant set of the map ®(§,ﬂ~,) it is sufficient to study the
discriminant set of the map ®,(&,4). The point a € E is a solution of equation (2.2) if and

only if
a=3Ze+@E 1),

Where, & is a solution of equation

@,(£,4)=0. @7

In many applications the Discriminant set (Caustic) can be solved by finding a relationship
between the parameters and variables given in the problem, but in some problems there is a
difficulty for finding this parameterization. The second way for finding the Discriminant set it is
by finding the parameter equation, that is; equation of the form
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h(1)=0, A=(1,,4,,0,)eR®

such that the set of all 4 =(A4;,4,,0,) in which equation (2.7) has degenerate solutions that

satisfy the equation h (A1) =0 where h: R®> — R is a map. For equation (2.7) it is not easy to

find a relationship between the parameters and variables given in the equation, so the second way
has been used to determine the Discriminant set of equation (2.7). Let

2 4
z=g212,2+q1, s:€11+/12.

and
e= _?4/12

Then the following result has been stated,

THEOREM 2.2  Caustic (The discriminant) of equation (2.7) in the space of parameters
(4., 4,, 0, ) is a union of the following two surfaces

1) 2° — 428 —q,s°=0,
2) S12 —244,-9,=0.

The last theorem can be proved by solving the following two systems in terms of 4 , A A,
The systems are,

52:0’

16
512"‘?5;"‘/1151"‘(11:0’

16 1 4 2
5512 +E§§ +(E/11+E/12)§1 +gllﬂ’2 =0.

16
512 +€§§+11§1+q120’

16 1 4 2
e B G S A b Ay Ay =0,
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To study the Discriminant set of equation (2.7) it is convenient to fix the value of one
parameters. The sections of Discriminant set in some planes were described in the figures (1),
(2), (3), (4) and (5). (All figures were found by using Maple 11).
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Fig. 2 describes caustic of equation (2.6)
when gql<

Fig. 4 describes caustic of equation (2.6)
when k1<
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Fig. 5 describes caustic of equation (2.6)
When k1-o

Figure (1) describes the discriminant set in the 1;4,-plane when g1>0. The number of regular
solutions in every region was found is either zero, two or four. In Figure (2) the discriminant set
has been found for q1<0 in the 1;4,-plane and the number of regular solutions in every region is
two or four. Figure (3), (4) and (5) describes the discriminant set in the A,q:-plane when k1>0,
k1< 0 and k1=0 respectively. The number of regular solutions in every region was found is either
zero, two or four.

In figure (1) the complement of the Discriminant set T'= R?\X is the union of three open
subsets IT"' =T, UT, UT,, such that if T, have no regular solutions, if T, have two regular

solutions with topological indices 1, -1 and if T', have four regular solutions with topological
indices 1,-1,1,-1. In figure (2) the complement of the Discriminant set is a union of two open

subsets I" =T, UT, such that if T, have two regular solutions with topological indices 1, -1 and
if I, have four regular solutions with topological indices 1,-1,1,-1. In figures (3), (4) and (5) the
complement of the Discriminant set is the union of three open subsets I" =T, UT", UT, such
that if I, have no regular solutions, if ", have two regular solutions with topological indices 1, -

1 and if ', have four regular solutions with topological indices 1,-1,1,-1.
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