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Introduction 
 

Let },...,{= 1 nHH  be a complex hyperplane r -arrangement with complement 

i

n

i

r HCM  1=
\=)(  ( we refer the reader to [6 ]as a general reference .)Many basic facts about the 

linear arrangements and their intersection poset )(L  ( which reverse by inclusion, (i.e .

XYYX   )and ranked by )(codim=)( XXrk ), are best understand from the more general 

viewpoint of the matroid theory .An arrangement matroid is a pair ),(=   , by letting  be 

the set of all vertices of the simplicial complex  , where   be the collection of all independent 
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subarrangements of   .The  " broken circuit complex("or BC-complex) of  is denoted by 

)( BC  and defined to be;  

  }.circuitbroken  no contains|{=)(   BC , 

where a broken circuit of a matroid   with respect to an ordering   on the hyperplanes of  , 

is a subset H\=   of a minimal dependent set   ( with respect to the inclusion), which is called 

a circuit and H  is the minimal element of  via  . 

Jambu and Papadima in (1998, [3 )]and (2002, [4 )]introduced the hypersolvable class of 

arrangements as a generalization of the supersolvable Stanely class (1972, [9 )]by using the 

collinear relations that encoded in the lattice intersection pattern up to codimension two 

3}|||{=)(2   . In order to control and study the lattice intersection of a hypersolvable 

arrangement  , Ali in (2007, [1 )]drived a natural partition   of   from the hypersolvable 

analogue (definition (1.2 .))She called   a hypersolvable partition, denoted it by Hp and she 

ordered the hyperlanes of   by a hypersolvable ordering (definition 1.5 )which respects the 

hypersolvable analogue .The existences of such partition forms a sufficient condition to any central 

arrangement to be hypersolvable arrangement . This paper has two purposes .The first is to 

construct the broken circuit complex )( BC via the hyper solvable ordering as an application 

of Ali's study in [1 .] 

Bj o rner and Ziegler in (theorem (2.8), [2)], answered an essential question; where does the 

broken circuit complex
 

)( BC factored completely (definition (1.3 ))in general? To switched 

our attention that we need a sutible linear order on the hyperplanes of a supersolvable arrangement 

 to factor the broken circuit complex
 

)( BC completely into a multiple join of discrete 0-

dimensional subcomplexes .They gave us an impression to express the hypersolvable ordering in 

theorem (3.1 )as our choice of such linear order indeed it was drived from the supersolvable 

structure. 

Jambu and Papadima in [ (3-4 )]defined a vertical deformation Ctt }
~

{  of a hypersolvable r -

arrangement   which is not supersolvable such that for each }0{\Ct , t
~

 is supersolvable and 

  has with t
~

 the same 2  .For a supersolvable arrangement all the higher homotopy groups of 

the complement are vanished and such arrangements are called )),1)((=( 1 MK   

arrangements, where ))((1 M  is the fundamental group of )(M  .Papadima and Suciu [7] used 

the one parameter family Ctt }
~

{ of Jambu and Papadima for a hypersolvable arrangement   

which is not supersolvable (fiber-type), to show that the dimension of the first non vanishing 

higher homotopy group is; 

,}),,))
~

(((),))(((|{=))(( 1 kjsMHPsMHPksupMp jmod     

where ),))((( sMHP 
 and ),))

~
((( 1 sMHP   are the Poincaré polynomials of the 

cohomological rings ))
~

(( 1MH   and ))
~

(( 1MH   respectively. Ali in [1 ]showed a conjecture of 

))(( Mp  in order to produce a connection between the dimension of the first non vanishing 

higher homotopy group of a hypersolvable arrangement and the structure of it's no broken circuit 

bases with respect the hypersolvable ordering   ( see definition (3.3 .))The second purpose of this 

paper is to produce a comparison between the structures of the broken circuit complexes of a 
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hypersolvable arrangement  which is not supersolvable (i.e .with respect to any ordering   on 

the hyperplanes of  , it's broken circuit complex can not be factored completely) and their 

Jambu's-Papadima's deformed fiber-type arrangements t
~

, }0{\Ct  .We found that ))(( Mp  

forms the rank of the last level in the intersection lattice that is invariant under Jambu's-Papadima's 
deformation . 

The sections in this paper are devoted to serve our goal. Section one contains a brief 

summary of the notions "matroid "and "the broken circuit complex "in oreder to introduce the 

basic defintions that we need .In section two we review the hypersolvable partition and the 

hypersolvable ordering of a hypersolvable arrangement .Where section three is devoted to ordered 

the hyperplanes of a hypersolvable arrangement by the hypersolvable ordering in order to give the 

broken circuit complex a geometric structure . For the supersolvable subclass of the hypersolvable 

class we found that the broken circuit factored completely with respect to the hypersolvable 

ordering (theorem (3.1 .))Where for the hypersolvable subclass of arrangement which are not 

supersolvable, we study their  broken circuit complexes in (theorem (3.5 ((.  

        

1 . Matroids and the broken circuit complexes  
 

Let   be a "finite "simplicial complex with vertex set },...,{= 1 nvv  .We call the elements 

of   the faces of   .If the maximal face of   has b  elements, then we say 1==dim  b  .If 

every maximal face of   has dimension  , then   is called pure .The f -vector of   is a vector 

of integers ),...,,(= 10 ffff , where for  k0 , kf  is defined to be the number of the faces of 

  have 1k  elements .Notice that, nf |==|0   .Define for a positive integers m ,  

 .

1

=),(
0= 














 

  k

m

fmH k

k



 

Also define 1=,0)(H  .Define the h -vector of integers ),...,(= 1 bhhh  of   as follows : 

 .
)(1

)(1
=),( 1

0=
b

b

bm

m x

xhxh
xmH






 
 

The h - vector of   is determined by its f -vector. 

Let K  be a field and let ],...,[= 1 nxxKA  be the polynomial ring over K  whose variables are 

the vertices of   .Let I  be the homogenous ideal of A  generated by all squarefree monomials 

k
ii xx ...

1
 such that }...{

1 k
ii xx  is non-faces of  , i.e . I  is generated by the "minimal "non-faces of 

  .We call the ring  IAA /=  a standard K -algebra .As a graded algebra 
m

m
AA 



  0=
= , define 

the Hilbert function ),( mAH   of A  by )(dim=),( mAmAH   and the Krull dimension of A  

which is denoted by )(dim A  is one more than the maximal integer m such that 0),(  mAH  .If;  

 0,0 01   AMMM hh   

is the minimal finite free resolution of A , then for hi 0  we define the 
thj -Betti number 

of A  to be )(==)( iii MrkA    .The integer h  which represent the largest integer i  such that 
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0i  is called the homological dimension of A  denoted by 


Ahd  .If )(dim= 


 AnhdA , we 

call A  a Cohen-Macaulay ring and 


A
hd  is called the type of A  .We refer to [8 ]and [10 ]for 

more details. 

 

Definition 1.1 A  " finite "matroid is a pair ),(=  , where   is a finite set and   is a 

collection of subsets of  , satisfying the following axioms  : 

1  .  is a nonempty simplicial complex, i.e .   and if '  and '''  , then  '' . 

2  .Every induced subcomplex of   is pure, i.e .if   , the maximal elements of 
2  

have the same cardinality, where }|{=2    . 

 The elements of   are called independent sets and we write v  to mean v  .We call 

  a G -complex . 

Two matroids ),(= 111   and ),(= 222   are isomorphic if there exists a bijection 

21

~:    such that 11 },...,{ kvv  if, and only if, 21 )}(),...,({ kvv  . 

A circuit   is a minimal dependent set, i.e . is not independent but becomes 

independent when we remove any point from it .If   , we define the rank of   by;  

 }.' and||'{|max=)(  rk  

In particular, 0=)(rk  .We define the rank of matroid   itself by )(=)(  rkrk  .A 

maximal subset    of rank k  is said to be a k -flat of   .Observe that if   and '  are flats 

of  , then so is '  .We can define the closure   a subset    to be the smallest flat 

containing  , i.e . '=
'


 flats
 .Define the )(L  to be the poset of flats of   ordered by 

inclusions .Since )(L  has a top element  , then )(L  is a lattice called the lattice of flats of 

  .Notice that, )(L  has a unique minimal element is =0̂  .We define the characteristic 

polynomial )(tM  of  , by;  

 ,),0̂(=)( )(

)(

Xrkr

LX

tXt 



 


  

where )(= rkr  and   is the Möbius function of )(L  and |),0̂(| X  is represent the 

length of the maximal chain from minimal flat 0̂  into X  of )(L  .Since   is a              G -

complex, then for )(0 rkk  ;  

 .|),0̂(|==)(
)(

XA

k
LflatsX

kk  






 

The A  is a Cohen-Macaulay ring and the Hilbert function ),(=),( mHmAH   with 

homological dimension )(= rkhdA


 and of type )()( Ark M  . 

 

Definition 1.2 A broken circuit of a matroid   with respect to an ordering   of  , is a set 

v\=  , where  is a circuit and v  is the minimal element of  via   .The broken circuit 

complex (or BC-complex )denoted by )(BC  is defined to be;  

 }.circuitbroken  no contains|{=)(  BC  
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For  k0 , set;  

 1}|=|andcircuit broken  no contains|{=)(  kBC k  . 

Notice that, Rota in [8 ]gave another representation of |),0̂(| X  as the number of all the 

maximal no broken circuits of   contained in the flat X  .That is, if ),...,,(= 10



ffff  is the 

f -vector of )(BC , then )(|=)(| 1 

  ABCf k

k

k   and;  

 ,1)(=)( 1

1

01







  r

rrr ftftft   

where )(= rkr  and 1=1



f  .Notice that, 


 1)()( =)(=  rkrkr fAh   is the type of the 

Cohen-Macaulay ring A  . 

 

 

Definition 1.3 [2  ]Let   be a simplicial complex of dimension 1r  with finite vertex set   .We 

say that   factors if   has a partition ),( 21  such that 21  , where 

}|{ ii SS
i




is the restriction of   to i ( 2,1i ), and the join of 1  and 2 is 

} and |{ 22112121  SSSS   .We say that   factors completely if   has a partition 

),...,(= 1 r into r  nonempty sets, such that   is a multiple join of the induced subcomplexes 

r 1 (as above), where i  are discrete 0-dimensional, i.e . }|}{{}{ ii vv   , for 

ri 1 . 

 

Definition 1.4  (A hyperplanes arrangements and their broken circuit complexes)Let   be a 

central r -arrangement of hyperplanes over C , i.e . },...,{= 1 nHH , where iH  are linear 

hyperplanes of rC , i

n

i
H 1=

 and rHi

n

i
=)(codim

1=  .Define the complement 

i

n

i

r HCM  1=
\=)(  and )(L  to be the lattice intersections of the hyperplanes of   reverse by 

inclusion, (i.e . XYYX   )and ranked by )(codim=)( XXrk . 

Define a matroid ),(=   , on   by letting   to be the collection of all independent 

subarrangements of   .Notice that, )()(  LL   .Let  

 },circuitbroken  no contains|{=)(  BC  

be the BC-complex of   .Then  

 ,1)(=)( 1

1

01







  r

rrr ftftft   

where 1=)(= rkr  and ),...,,(= 10



ffff  be the f -vector of )( BC  and 

1=1f  .Notice that, 

 1)( =)(= rrkr fAh


  is the type of the Cohen-Macaulay ring A  and it has 

a minimal free resolution,  

 0,0 01   AMMM rr   

where for rk 0 , 

1=)( kk fMrk . 

 

2.  A hypersolvable partition of an arrangement 
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Definition 2.1 [6 ]A partition ),...,(= 1   of   is said to be independent if the resulting  - 

hyperplanes jjH  ,  j1  are independent .Call },...,{=
1 k

ii HHS  a k -section of   if for 

each kj 1 , 
j

m
j

iH   for some   kmm <<1 1  .Notice that if   is independent, then all 

it's k -sections are independent .Let; 
} ofsection - a is |{=)(  kSSS k  , for  k1 , 

 and )(=)(
1=

 k

k
SS  


 .We call   a factorization of  , if it is independent and for 

each )(kLX  , the induced partition ),...,(= 1 k

XXX   of }|{= HXHX  , contains a 

singleton block, where for kj 1 ,  Xm

j

X =  for some m1  . 

 

Definition 2.2  [ 1 ] A partition ),...,(= 1   of   is said to be hypersolvable with length 

 =)(  and denoted by Hp, if 1|=| 1  and for fixed  j2 , the block j  satisfy the 

following properties  : 

(j-closedness property of :) For jHH  121, , there is no   1jH  

such that 2=),,( 21 HHHrk  . 

(j-completeness property of :) For jHH 21, , there is 11  jH   such that 

2=),,( 21 HHHrk  .From 1j -closeness property of 1 j , the hyperplane H  must be unique we 

denoted by 1,2H  . 

(j-solvability property of  :)For jHHH 321 ,, , either 112,31,31,2 ,,  jHHH   

are equal or 2=),,( 2,31,31,2 HHHrk  . 

 For  j1 , let |=| jjd   .The vector of integers ),...,(= 1 ddd  is called the        d -

vector of   and we define the rank of the blocks of   as )(=)(
1

Hrkrk
j

Hj   
  .We call 

j  singular if )(=)( 1 jj rkrk  and we call it non singular otherwise .We call a Hp   is 

supersolvable if it is independent .Observe that )()( 1 jj rkrk    in general and if 3 , then 

every 
321

,, iii  are independent . 

 

Definition 2.3  [ 1 ]   is said to be hypersolvable if it has a hypersolvable partition and we call it 

supersolvable if it has a supersolvable partition . 

 

Definition 2.4 Let   be a hypersolvable arrangement with Hp ),...,(= 1   .For  j1 , 

partitioned j  into two blocks as; put j
k

iij HH   },...,{=
1

1  such that 2=),...,(
1 k

ii HHrk  and 

12 \=   jjj  .Define the induced hypersolvable ordering   of   as :   

    1  .If iH   and jH   such that ji < , put HH   .If iH   and jH   such 

that ji < , put HH   . 
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    2  .For  j2 , give the hyperplanes of 1 j  an arbitrary ordering such that if 

jHHH 321 ,,  with 3=),,( 321 HHHrk , put 
321
iii HHH   if, and only if, 

3
,

23
,

12
,

1
iiiiii HHH  , 

where },,{=},,{ 321
321

HHHHHH iii  . 

 Notice that the induced hypersolvable ordering need not be unique of  , since our choice 

of 1 j  need not be unique. 

 

Definition 2.5  [ 6 ]A r -arrangement   is said to be  -generic  ( r ), if every subarrangement 

   with r|=|  is linearly independent . 

Observe that, the  -generic r -arrangement   is a hypersolvable arrangement has Hp   

with exponent vector 1),(1,..=d , but the converse need not to be true in general and [5 ]included a 

counterexample. 

 

3  The BC-complex of a hypersolvable arrangement and The hypersolvable 

partition 
 

From now on we concern the assumpption :  is a hypersolvable r -arrangement with Hp 

),...,(= 1   and d -vector ),...,(= 1 ddd , where )( BC  be the BC-complex of the 

matroid   via a hypersolvable ordering with f -vector ),...,,(= 10



ffff   . That is, we shall 

give the no broken circut subarrangements the degree lexicographic (DegLex )order with respect 

the hypersolvable ordering. Let }|)({)( ii
SBCSBC      be the restriction of 

)( BC  to i , for  i1  . 

 

Definition 3.1 Recall definition (2.1 .)Let; } ofsection - a is |{=)(  kSSS k  , for  k1 , 

 be a discrete 0-dimensional simplicial subcomplex of )( BC , for  i1  .Let 


 )()()(

1
   SSS  be a multiple join of the induced subcomplexes  

        

1
)(S ,…,


)(S (as in definition (3.2)), i.e. )(=)(

1=
 k

k
SS  


. We call )(S , a 

hypersolvable partition complex of the matroid   via a hypersolvable ordering .In general, 

)(S need not be a subcomplex of the G -complex   of the matroid  .
 

 

Lemma  3.1  For  i1 , 
ii

SBC )()(    . 

Proof: It is known that,  "In a hypersolvable  arrangement   every k -NBC base of   

forms a  k -section of  , rk 1 ", (proposition (3.1.22), [1)] and  " S  is a 2 -NBC base of 

 if, and only if, S  is a  2 -section of  ", (theorem (3.2.1), [1 .)]Thus 

}|}{{}{}|)({)( ii HHSBCSBC
i




    are discrete 0-dimensional which 

completes the proof .    

Bj o rner and Ziegler in (theorem (2.8), [2)], answered an essential question; Is the broken 

circuit complex
 

)( BC factored completely in general? To switched our attention that the 

existence of a sutible linear order on the hyperplanes of a supersolvable arrangement   which 
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respects the supersolvable structure forms a necessary and sufficient condition on the broken 

circuit complex
 

)( BC  to factor completely and they gave us an impression to illustrate the 

hypersolvable ordering by the following theorem as our choice of the linear ordering satisfied 

theorem (2.8 )in [2], indeed it was drived from the supersolvable structure. 

 

Theorem 3.1   is supersolvable if, and only if ; )(=)(   SBC ,i.e . )( BC  factors 

completely into 
r

BCBCBC )()()(
1      via the hypersolvable order .

Therefore, for ==11 rk   ; 
k
ii

k
i

k
i

k

i

k ddf 


1
1

1
=

1

1=
1

1 = 








, 

i.e .the f -vector of )( BC  is completely determined by the d -vector of   .Notice 

that, ddfh rr ...== 21



  is the type of the Cohen-Macaulay ring A  and it has a minimal free 

resolution, 0,0 01   AMMM rr  where for rk 0 , 

1=)( kk fMrk  . 

 

Proof . By (theorem (3.2.6), [1 )],  " A hypersolvable r -arrangement   is supersolvable if, 

and only if, every k -section of   forms a k -NBC-base of   via the hypersolvable order, 

rk 1 ", Thus, ).(=)(   SBC and }|}{{}{)( iHHBC
i




   is discrete 0-

dimensional, for ri 1  .That is
r

BCBCBC


 )()()(
1

     is completely 

factored .From definition (1.2), for ==11 rk   ;  

 ,and|=)(=|
1

1
1

=

1

1=
1

1
k
ii

k
i

k
i

k

i

k

k ddBCf 


 







   

ddfr ...= 21



  .In fact we compute the thk -Betti number of A  which is enough to construct 

the minimal finite free resolution of A  which is a Cohen-Macaulay ring with type 




1= r
A

hd f      

         The important point to note here is that )(S  is a simplicial subcomplex of   if, and only 

if,   is supersolvable .That caused by these sections of   which is not independent in case of   

is non- supersolvable . 

 

Example 3.1 Let   be a supersolvable 4 -arrangement with defining polynomial; 

))()(2)(3)()((=)( wzywywzywzyzxyzxyzQ  . 

We give the hyperplanes of  , the hypersolvable ordering as follows; 

)(ker=1 zH , )(ker=2 zxyH  , )(ker=3 zxyH  , )3(ker=4 wzyH  , 

)2(ker=5 wzyH  , )(ker=6 wyH   and )(ker=7 wzyH  ,with respect the HP 

}),,,{},{},{},({=),,,(= 76543214321 HHHHHHH  which has a    d -vector, (1,1,1,4)=d  .For 

simplicity we write i  instead of iH , for each 71  i  .The matroid ),(=   , is defined on 

  by letting kk
 

3

0=
= , where; ,7}{1,=0  , 7}<1|},{{=1  jiji , 

7}<4|},{{1,\7}<<1|},,{{=2  jijikjikji  and 

7}<<4and31|},,,{{\7}<<<1|},,,{{=3  pkjipkjipkjipkji . 
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 That is the f -vector of   is 0)(7,21,25,1=f  and by simple calculations 1=,0)(H , 

7=,1)(H , 28=,2)(H , 74=,3)(H , 155=,4)(H , ...and the h -vector of   is 

)(1,3,6,1,0=h  since; 

 .
)(1

)63(1
=),(

4

32

0= x

xxx
xmH m

m 






 

By applying theorem (4.1), 

 );(=)(   SBC  

and the f -vector of )( BC  with respect the hypersolvable ordering is 

)(7,15,13,4=f  which is completely determined from the d -vector of  . 

Let K  be a field and let ],...,[= 71 HHKA  be the polynomial ring over K  whose variables 

are the vertices of   .Let I  be the homogenous ideal of A  generated by the "minimal "non-faces 

of   .The standard K -algebra 
m

m
AA 



  0=
= , of  , as a graded algebra is determined by the 

Hilbert function of A  as ),(=)(dim=),( mHAmAH m   and the minimal finite free resolution of 

A ;  

 0,0 01234  AMMMMM  

is completely determined by f , since the Betti numbers of A  are 1=)(0 A , 

7=)(1 A , 15=)(2 A , 13=)(3 A  and 4=)(4 A  .The homological dimension of A  is 

4=


Ahd  and the Krull dimension of A  is 3=7=)(dim


  AhdA  .Therefore, A  is a Cohen-

Macaulay of type 4=


A
hd  . 

 

Definition 3.2 :Given two r -arrangements },,{= 11

11 nHH   and },,{= 22

12 nHH  .   

1  .We will say 1  and 2  have the same lattice or L -equivalent and denoted by 

)()( 21  LL  , if for each nii k  <<1 1   and nk 1  we have 

),,(=),,( 22

1

11

1 k
ii

k
ii HHrkHHrk   . 

2  .For 12  rk , set 1}|||{=)(  kBiiiik   to be the lattice intersection 

pattern up to codimension k  of i  and 1,2=i  .We say 1  and 2  are k -equivalent and 

denoted by )()( 21  kk   if for each nii j  <<1 1   and 13  kj , we have 

),,(=),,( 22

1

11

1 J
ii

J
ii HHrkHHrk   . 

3  .let ),( tP ii   be the Poincaré polynomial of )( iL   and 1,2=i  . 1  and 2  is said to be 

P -equivalent if ),(=),( 2211 tPtP   . 

 Notice that, if 1  and 2  are L -equivalent, then they are k -equivalent for 12  rk  

and they are P -equivalent .But the converse need not to be true in general. The following theorem 

of Ali, classified the hypersolvable class into a supersolvable  subclass and the non supersolvable 

subclass by the minimal information that encoded in 2 : 
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Theorem 3.2 [1] let 1  and 2  be supersolvable r -arrangements . 1  and 2  are L -equivalent 

if and only if they are 2 -equivalent .  

 

Theorem 3.3 If the supersolvable arrangements 1  and 2  are 2 -equivalent, then they have 

isomorphic matroids, i.e . ),(=),(= 22
2

11
1

    .That is, they have isomorphic 

partition complexes, i.e . )()(
21

   BCBC   via the hypersolvable ordering which give rise 

into isomorphic standard K -algebras 
21

  AA  . 

 

Proof. As a direct application of Ali's theorem (5.2), 1  and 2  are L -equivalent .That 

is, there exists a one to one correspondence 21

~:    satisfies for ||1 Ak  , 

cHHrk
k

ii =),,( 11

1
  if, and only if, cHHrk

k
ii =))(,),(( 11

1
   .Thus, 1  and 2  have equivalent 

independent subarrangements .In particular, we define the isomorphism 21

~:   between the 

G -complexes of 1  and 2  .Therefore, the maroids ),(= 11
1

   and ),(= 22
2

   are 

isomorphic. 

On the other hand the one to one correspondence 21

~:    which respects the HP 

analogue 1  on 1 , define an equivalent HP )(= 12    on 2  .In fact,   define equivalent 

hypersolvable orders on the hyperplanes of 1  and 2  which produce an isomorphism between 

the partition complexes )()(:
21

   BCBC   via the hypersolvable ordering, since 1  

and 2  have equivalent sets of sections .It's clear that the G -complexes of 1  and 2  have the 

same f -vectors and they have the same Hilbert functions which define an isomorphism between 

the graded K -algebras 
1
t

A  and 
2

t
A  .Where the equality 21 =


ff , define K -isomorphism 

between the free resolutions of 
1

A  and 
2

A  since they have the same Betti numbers                      .

                              

 

In order to show that the fundamental group ))((1 M  of the complement )(M  has a 

fashion of an iterated almost direct product of free groups, Jambu and papadima defined a vertical 

deformation of a hypersolvable arrangement which is not fiber-type arrangement as follows: 

 

Theorem 3.4( :Jambu's-Papadima's deformation Theorem[2,3 ] )  Let   be a hypersolvable r -

arrangement such that <r , i.e .  is not supersolvable .Then there is a vertical deformation 

Ctt }
~

{  of   in CCC sr = , where rs =  such that for each Ct , t
~

 is supersolvable with 

  and t
~

 are 2 -equivalent. 

 

Papadima and Suciu in [13], used Jambu's-Papadima's deformation Ctt }
~

{
 
of a 

hypersolvable arrangement   which is not supersolvable (not ,1)(K ), to show that the 

dimension of the first non vanishing higher homotopy group is; 
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,}),,))
~

(((),))(((|{=))(( 1 kjsMHPsMHPksupMp jmod     

where ),))((( sMHP   and ),))
~

((( 1 sMHP   are the Poincaré polynomials of the 

cohomological rings ))
~

(( 1MH   and ))
~

(( 1MH   respectively. Ali in [1 ]showed a conjecture of 

))(( Mp  to produce a connection between the dimension of the first non vanishing higher 

homotopy group of a hypersolvable arrangement and the structure of it's lattice intersection with 

respect the hypersolvable ordering and the following definition represent her that : 

 

Definition 3.3 :Let   be a hypersolvable r -arrangement with Hp ),...,(= 1   such that 

<r , i.e .  is not supersolvable .Define )}(=)(|{max=)(  

kk SBCkp  . 

 

Our purpose In this paper is to introduced a comparison between the structures of the 

broken circuit complexes of a hypersolvable arrangement and their Jambu's-Papadima's deformed 

fiber-type arrangements  . 

 

The principal significance of the next lemma is introducing the level )(1)(  pL  as the first 

level in the intersection lattice )(L  that contains a flat )(1)(   pLX , such that the 

subarrangement   }X|{ HHX  contains dependent sections among 2))(( p -

different blocks of   via a hypersolvable order: 

 

Lemma 3.2 Suppose we have the conclusions of definition (3.3 .)Then there exists 

)(2)(  

 pSS  and S   is a 2))(( p -circuit. 

 

Proof :If )(1)(  

 pSS  such that )(1)(



  pBCS  , deduce that S  must be a    
1))(( p -broken circuit .Let H  be the minimal hyperplane of S  via the hypersolvable 

ordering such that }{= HSS   forms a 2))(( p -circuit .Let }|min{= kSkm   .It is 

clear if )(2)(  

 pSS , then mH   .That applys the completeness property of m and produces 

a contradaction with our choice of H  .Therefore, )(2)(  

 pSS                                                    .

                                               

The following result is the main result of our paper which produces a comparison between 

the broken circuit complex of a hypersolvable arrangement which is not supersolvable and the 

broken circuit complexes of their deformed supersolvable arrangements: 

 

Theorem 3.5 Let   be a hypersolvable r -arrangement with Hp ),...,(= 1  ,            d -

vector ),...,(= 1 ddd , f -vector ),...,,(= 110 rffff  of   and f -vector, ),...,,(= 10



ffff  of 

)( BC  such that <r  .Then: 

  

1  .For rk 2 , )()(1  

kk SBC 

   in general, i.e .  




 



1

1
= 1

1

1=
1

1
k
i

k
i k

ii

k

ik ddf . 

2  . )(=)( 21   SBC , i.e . .=
211

1
=

2

1

1=
1

1 iiiii
ddf  
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3  .There exists 12  rp  such that )(=)(1  

kk SBC 



 , for each and )(1 pL  

represent the first level in the lattice intersection )(L that contains dependent relations among 

2p -blocks of   .That is, for pk 2 ,  

k
ii

k
i

k
i

k

ik ddf 


11
1

=

1

1=
1

1 =  




 . 

4  .For all {0}\, 21 Ctt  , 
1

~
t  and 

2

~
t  are L -equivalent and they have isomorphic 

matroids )
~

,
~

(=
11

1

~ tt
t




 and )
~

,
~

(=
22

2

~ tt
t




  . That is, they have isomorphic partition 

complexes, i.e . )()(
2

~

1

~
tt

BCBC


    via the hypersolvable ordering which give rise into 

isomorphic standard K -algebras 
21

tt
AA    . 

5  .For all {0}\Ct ,   and t
~

 are p -equivalent, where  

)}.(=)(|{max=)(= 1  

kk SBCkpp 



  

Thus Jambu's-Papadima's deformation preserves the lattice intersection pattern up to 

codimension p , then for rkp 1)( , the deformation destroyed all the flats )(kLX   

that X  contains dependent sections distrbuted among j -different blocks of  , 1 kj , which 

adds new faces of )( BC  to deform it into the partition complex )
~

(~ t
t

S 


 as follows  : 

i. For pk 1 , 1k  and )(1

kBC  is 

invariant under the deformation .That is t

kk 11    and ).
~

()( ~
1

t

k

t

k SBC   

   

 

ii. For rkp 1 , Jambu's-Papadima's 

deformation replaced )(1

kBC  by )
~

(~ t

k

t
S 


 by adding exactly  

;}{ 1
1

1
1

=

1

1=
1










 k
k
ii

k
i

k
i

k

i

fdd 


 

1)( k -faces . 

iii. For  kr 1 , Jambu's-Papadima's 

deformation adding  

;
1

1
1

=

1

1=
1

k
ii

k
i

k
i

k

i

dd 









 

1)( k -faces to obtain )
~

(~ t

k

t
S 


 . 

That is, the G-complex and BC-complex of   embedded in the G-complex and partition 

complex of t
~

 respectively .Thus, for 10  pk , k

t

k AA



   and for pk 0 , t

kk MM   . 

6  .If 3=r , then 2=p  and;  

3},|=|and|{=)( 1

2    BC  

where;  
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.=
21

1
1

=
2

1

2=
1

2 ii

iii

ddf 







 

Jambu's-Papadima's deformation keeps 0 , )(0

BC , 1  and )(1

BC  unchanged 

and deform )(2

BC  into )
~

(3
~ t

t
S 


 by adding exactly;  

,
321

1
2

=
3

1

1
1

=
2

2

2=
1

iii

iiiii

ddd






 

 

2 -faces .Then, for  k4 , Jambu's-Papadima's deformation destroys all the dependent  
k -sections of   and replaced it by; 

,
1

1
1

=

1

1=
1

k
ii

k
i

k
i

k

i

dd 









 

1)( k -faces to obtain )
~

(~ t

k

t
S 


 .That is for 30  k , k

t

k AA



   and for 20  k , 

t

kk MM   where there is a monomorphism tMM 33  . 

7  .If   is  -generic, then 1= rp  and;  

},|=|and|{=)( 1

1 rBC r      

where .
1

1
=1 














r
fr


 Jambu's-Papadima's deformation letting )(= 1

1 

 k

k BC  

invariant for 11  rk  and added exactly ,
1







 

r


 1r -faces to deform )(1

rBC  into 

)
~

(~ t

r

t
S 


 .Then for  kr 1 , the deformation added ,








k


 1k -faces to deform )( BC  into 

t
S

~  .That is for rk 0 , k

t

k AA



   and for 10  rk , t

kk MM   where there is a 

monomorphism 
t

rr MM   . 

  

Proof : 
For 1 :From[ 1], it was proved that "If   is a hypersolvable r -arrangement, then for 

rk 1 , the k -no broken circuits of   must be distributed among k -different blocks", i.e .every 

k -no broken circuit of   is a k -section of   .That is the number of all 
thk 1)(   faces of   can 

not exceed the number of all k -sections of   and our aim is hold . 

For 2  :Every 2 -broken circuit is a 2 -section .On the other hand, if 

)(},{= 2

21
 SHH ii  such that for 1,2=j , 

j
i

j
iH   and  21 <1 ii , then from 1i -closeness 

property of 
1
i , )(1

 BC  .Therefore, )(=)( 21   SBC  and .=
211

1
=

2

1

1=
1

1 iiiii
ddf  

 
  

For 3  : By using Jambu's-Papadima's vertical deformation method, Ali in [1 ]showed that 

"for a hypersolvable r -arrangement which is not supersolvable, there exists 12  rp  such that 

for each pk 1 , every k -section of   forms a k -no broken circuit of  ", i.e. for pk 1 , 

)(=)(1  

kk SBC 



  and; 



 

164 

 

J.Thi-Qar Sci.                             Vol.2 (3)                                     Spt./2010 

k
ii

k
i

k
i

k

ik ddf 


11
1

=

1

1=
1

1 =  




 . 

For 4 :For all {0}\Ct , Jambu's-Papadima's vertical deformation method deformed the 

hypersolvable r -arrangement   into 
t

~
 which is a supersolvable r -arrangement with   and 

t
~

 are 2 -equivalent .That is for {0}\, 21 Ctt  , 
1

~
t  and 

2

~
t  are         2 -equivalent and by 

applying theorem (3.2 )and theorem (3.3), they are                L -equivalent, they have isomorphic 

matroids, i.e . )
~

,
~

(=)
~

,
~

(=
22

2

~
11

1

~ tt
t

tt
t

 


 and isomorphic partition complexes, i.e .

)()(
2

~

1

~
tt

BCBC


    via equivalent hypersolvable orders which give rise into isomorphic 

standard K -algebras 
21

tt
AA    . 

For 5: From (3.5.4 )above, the integer p  is defined to be 

)}(=)(|{max=)(= 1  

kk SBCkpp 



  .Ali used this definition in [1 ]to showed that "for all 

{0}\Ct ,   and t
~

 are p -equivalent ."Ali studied Jambu's-Papadima's vertical deformation 

Ctt }
~

{  of   by using the hypersolvable partition analogue and found that the deformation 

method destroys all the flats )(kLX  , rk 2 such that the subarrangement 

  }X|{ HHX  contains dependent sections .Ali found a connection among the 

integer p , the hypersolvable partition and lattice intersection as; "the level 1)( p  in the lattice 

intersection )(L  of   contains the first dependent relation among different blocks", i.e .there is 

a 2)( p -dependent section of   .Therefore, every 1)( p -blocks of the Hp   are independent .

Then, "the deformation destroys all dependent relations of rank greater than or equal to 1)( p  

among the blocks by destroying all the flats )(kLX  , rkp )(  such that the 

subarrangement   }X|{ HHX  contains dependent sections   ." That is the 

deformation method keeps all those sections of   which are no broken circuits invariant, where 

those sections of   which are not no broken circuits of   replaced by sections which are no 

broken circuits of t  .In fact, the one to one correspondence t ~:  which respects the 

lattice intersection pattern up to codimension two, t
~~)(: 22  , define a one to one 

correspondence t
~~:  with respect the same hypersolvable ordering of   and t

~
, (i.e .  

gives each one of   and t
~

 the same d -vector .)Therefore,  

)
~

(~)(: ~ t
t

SS 
   ……(3.1) 

 forms a one to one correspondence, where it's restriction on )( BC , 

)
~

())((~)(: ~)( t
t

BC SBCBC  


 
 

  define an injection between the broken circuits 

complexes .That is, the deformation start with embedding )( BC  as a subcomplex of 

)
~

(~ t
t

S 


, since all the no broken circuits of   are invariant under the deformation, then we can 

construct the broken circuit complex )
~

(~ t
t

S 


 of t
~

 by using the deformation method as follows :
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For (3.i  :)For pk 1 , the equivalent lattice intersection pattern up to codimension p  of 

  and t
~

 give rise into a bijection 
t

kkk 1)(1)(1)(

~:    of thk 1)(  -faces of the G -complexes 

since   and t
~

 have the same independent relations of rank k  and the restriction of 1)( k  on 

)(1)(

kBC  is a bijection )(~)(: 1)(

)(
1)(1)(  




kk
k

BCk SBC 


 



  of broken circuit complexes 

which keep )( kBC  invariant under the deformation .Then, we added new faces to transform 

)( BC  into )
~

(~ t
t

S 


 and we can classified those added faces into two parts .  

For (3.ii  :)The first one is those faces which are the minimal nonfaces of )( BC  of 

dimension 1)( k , rkp 1  which we add them by the restriction of (5.1 )on 

)(\)(  BCS ,  

),
~

())(\)((~)(\)(: ~
)(

\)( t
t

BCS SBCSBCS  



 


 
  

i.e .we add exactly |)(||)(|  BCS  , 1)( k -faces . 

For (3.iii  :)The second part contains all those faces of dimension 1)( k ,  kr 1 , 

which we add them by the relation  ( 3.1) above, )
~

(~)(: ~1)( t

k

t

k

k SS 
  , where the number of 

such faces is equal to |)(| kS  . 

Finally, for each pk 0 ,   and t
~

 have the same kf , 

kf  and 1),(  kH  which is 

produced that for 10  pk , k

t

k AA



   and for pk 0 , t

kk MM   as free          A -modules . 

For 6  :If 3=r , then each 3 -section   of   which not contains 11 H  is not 3 -no 

broken circuit of  , since }{ 1H  is a 3 -circuit .Thus, 2=p  and by applying (3.5.5 )above our 

aim is hold . 

For 7  : If   is  -generic r -arrangement, then for each 11  rk , every k -section   

of   is a k -no broken circuit of   since for each H , the subarrangement }{H  is 

independent .Where every )(r -section  of   which not contains 11 H  is not r -no broken 

circuit of  , since }{ 1H  is a r -circuit .Thus, 1= rp  and by applying (3.5.5 )above, our 

claim is true       .                                                                                               □ 

 

Example 3.2 :Let   be a hypersolvable 3 -arrangement defined by; 

)()2)(3)()((=)( zyyzyzyzxyzxyzQ  . From the following cofigration of 7 points 

in the dual projective space ; 

 
with the following hypersolvable ordering on  ; )(ker=1 zH , )(ker=2 zxyH  , 

)(ker=3 zxyH  , )3(ker=4 zyH  , )2(ker=5 zyH  , )(ker=6 yH  and )(ker=7 zyH  , the  
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HP of   be }),,,{},{},{},({=),,,(= 76543214321 HHHHHHH  which has a    d -vector, 

(1,1,1,4)=d  .The matroid ),(=   , is defined on   by letting kk
 

2

0=
= , where; 

,7}{1,=0  , 7}<1|},{{=1  jiji  and 

7}<4|},{{1,\7}<<1|},,{{=2  jijikjikji . 

 That is the f -vector of   is (7,21,25)=f  and by simple calculations 1=,0)(H , 

7=,1)(H , 28=,2)(H , 74=,3)(H , 145=,4)(H  ...and the h -vector of   is (1,4,10,8)=h  

since; 

 .
)(1

)8104(1
=),(

3

32

0= x

xxx
xmH m

m 






 

In fact   is not supersolvable and from theorem (3.1), 

 ).()(    SBC  

By applying theorem (3.5), the broken circuit complex )( BC  of  , is defined as; 

)(=)(
2

0=   k

k
BCBC   , where; 

,7}{1,=)(0  BC , 7}<4|},{{\7}<1|},{{=)(1  jijijijiBC   and 

7}<4|},{{1,\7}<2|},{{1,=)(2  kjkjkjkjBC  . 

That is the f -vector of )( BC  is (7,15,9)=f and figure (3.2.1 )includes a 

realization of )( BC . 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Let K  be a field and let ],...,[= 71 HHKA  be the polynomial ring over K  whose 

variables are the vertices of   .Let I  be the homogenous ideal of A  generated by the 

Figure(3.2.1( 
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"minimal "non-faces of   .The standard K -algebra m

m
AA 



  0=
= , of  , as a graded 

algebra is determined by the Hilbert function of A  as ),(=)(dim=),( mHAmAH m   and 

the minimal finite free resolution of A ; 0,0 0123  AMMMM  

is completely determined by f , since the Betti numbers of A  are 1=)(0 A , 

7=)(1 A , 15=)(2 A  and 9=)(3 A  .The homological dimension of A  is 3=


Ahd  and 

the Krull dimension of A  is 4=7=)(dim


  AhdA  .Therefore, A  is a Cohen-Macaulay of 

type 9=


A
hd . 

By applying an algorithm given by Ali in [1], the supersolvable Jambu's-Papadima's 

vertical deformation Ctt }
~

{  of   in 43 = CCC   is defined as 

))()(2)(3)()((=)
~

( twzytwytwzytwzyzxyzxyzQ t  , for each Ct  and by 

the same hypersolvable ordering of   let; )(ker=1 zH t , )(ker=2 zxyH t  , 

)(ker=3 zxyH t  , )3(ker=4 twzyH t  , )2(ker=5 twzyH t  , )(ker=6 twyH t   and 

)(ker=7 wzyH t  , where the HP }),,,{},{},{},({= 7654321

ttttttt

t HHHHHHH  of t  have the 

same exponent vector with   .From Theorem (3.5.6), 2=p  and Jambu's-Papadima's 

deformation keeps )(0

BC , )(1

BC  unchanged, i.e . },7,{1=)(0 tt

t
BC   , 

7}<4|},{{\7}<1|},{{=)(1  jijijijiBC tttt

t
  .Then we deform )(2

BC  into 

)
~

(3
~ t

t
S 


 by adding exactly four 2 -faces, },4,3{2 ttt , },5,3{2 ttt , },6,3{2 ttt  and },7,3{2 ttt , as 

shown in figure(3.2.2) .  
          

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure(3.2.2) 
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Finally, Jambu's-Papadima's deformation destroys all the dependent 4 -sections of   and 

replaced it by four 3 -faces, },4,3,2{1 tttt , },5,3,2{1 tttt , },6,3,2{1 tttt  and },7,3,2{1 tttt  to obtain 

)
~

(4
~ t

t
S 


, as in figure(3.2.3) . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Observe that if 1=t , the supersolvable 4 -arrangement that given in example (3.1 ).forms the    
st1 -deformed arrangement 1

~
  of   and from (3.5.4), for all {0}\Ct , 1

~
  and t

~
 have the 

same lattice .That is we need only to compare   with 1

~
  .Observe that,   and 1

~
  have;   

    1  .the same lattice intersection pattern up to codimension two,  

    2  .the same HP,  

    3  .the same d -vector,  

    4  .for each 20  k , 1=
AA

kk ff  and 1=


kk ff  and  

    5  .for each 30  k , ),(=),( 1 kHkH   . 

 By applying theorem (3.5.6), we have the following commutative diagram of free          A - 

modules : 

 
0;

0

0123

0123











t

tttt AMMMM

AMMMM



 

where for 20  k , t

kk MM   where there is a monomorphism tMM 33  which is defined a 

monomorphism 
t

AA



  . 

Remark 3.1 For a hypersolvable arrangement  , the quantities )( , the d-vector component 

"may in different order", the number of the resulting no broken circuits of   and the sections of 

the HP   are independent of our choice of the hypersolvable partition   and the order we used of 

the hyperplanes of   that caused by the geometric structure of the lattice intersection of   .The 

Figure(3.2.3) 

 



 

169 

 

J.Thi-Qar Sci.                             Vol.2 (3)                                     Spt./2010 

definition of Jambu's-Papadima's vertical deformation seems to be dependent of our choice of the 

related hypersolvable partition which needs not to be unique .But in the lattice intersection these 

deformed properties are dependent of the vertical deformation method that we used to deform   

into a vertical family of supersolvable arrangements . 
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 معقدة الدوارة المحطمة و معقدة التجزئة القابلة للحل فوقيا  

 

 

 عبد علي حمودي الطائي  *                                           هناء مرتضى علي**

 

 العراق -ة التعليم العالي و البحث العلمي *وزار

 قسم الرياضيات  -ــة العـــلوم كليــ  - **جامعــة البصرة

 

 المستخلص

ب سممتا حاذح تئة مم ذح ا بلمم ذذذق بلمم ذ لنممقذا ق مم  ذ-تضمم هذ مملذحح بنمم ذبقمم اذ وامم اذح مم  حتاذح  ن  مم ذ تتت بمم ذ

.ذ ب سممتا حاذاامم ذح نمم ذحن قمم ذ ممهذح ممليذ نتممتاذح بق مم ذح ا بلمم ذ لنممقذا ق مم  ذذ ذح تتت مماذح ا بممقذ لنممقذا ق مم  ذذ لنممقذا ق مم  ذ

تذح   ثل ذبشبك ذح تا  وم تذح م ذح  سمت ثذحثقم هكذت كقم ذ مهذحك م اذتكم اقذبم هذ وام حتذح م  حتحتذح  ن  م ذح  ول   

 ذح مليذ كققم ذ مهذحك م اذ ا تقم ذبم هذح بقم ذ  وام حتذح م  حتحتذح  ن  م ذ كمقذ مهذح تتت بم ذذ تتت ب تذق بل ذ لنقذكل م  ذ

 ح  ش   ذلحتذح ق عذح ل فيذح و   اذ ه .ذئ  ب ذ ذب ب     ذذ ذتتت ب تذذق بل ذ لنقذا ق   ذ

 


