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Abstract

In this paper ,we study the notion of fuzzy ideal in semigroups and give
some properties about it and we reviewed some types of ideals such as
(regular,semiprime,(1,2)- ideal,(2,2)-ideal and gives some relationships

between them.

50


aa
Typewritten text
    website: http://jsci.utq.edu.iq                                               Email: utjsci@utq.edu.iq  


J. Thi-Qar Sci. No. (2 Vol.1 Aug./2008

1. Introduction:

As a continuation to the study of fuzzy sets which initiated in[1]and which have been
studied by Goguen in [2] and several researchers explored on the generalization of the
notion of fuzzy set.The concept of an intuitionistic fuzzy set was introduced byAtanssov
K.Y.[3].as a generalization of the notion of fuzzy set.Fuzzy ideals and fuzzy bi-
ideal,(1,2)-ideals in semigroup was introduced by S.Lajos and N.Kuroki [4,5].Our

interest in this paper is to study some of their important properties.

2. Preliminaries:

In this section ,we shall give the concepts of fuzzy sets and basic definitions with
some related properties which will be used in the next sections.
Definition 2.1[1]:

A fuzzy set in a set M is a mapping X from a nonempty set M into [0, 1].
Definition 2.2 [1] :

Let A and B be two fuzzy sets in M.Then:
1.AcB if and only if A(X) <B(X)
2.(AB)(xX) = min {A(x), B(x)}, for all xe M.
Definition 2.3[6]:

A fuzzy set X in aring R is called a fuzzy ideal of R if for each x,y eR .
1- X(x-y) =min {X(x), X(y)}.
2- X (xy) =max {X(x), X(y)}.

3. Intuitionistic Q- fuzzy ideals
Definition 3.1[7]:

An intuitionistic Q-fuzzy set A is an object having the form

A= {(X, 211, (%), 7, (%, Q) : x € X,q € Q} where the function u,:XxQ —[01] and
7a: XxQ —[01] denoted by the degree of membership(namely x,(x,q)) and the
degree of nonmembership y,(x,q) of each element (x,q)e X xQ to the set A,

respectively, and 0 < u,(X,q) +7,(x,q) <1 forall xe X and q€Q.
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For the sake of simplicity, we shall use the symbol A= (u,,y,)for the IQFS
A=1{(% 12,(x,0), 74(x,9)) : X € X,q € Q}.
Definition 3.2 [7] :
An IQFS A= (u,,7,) inSis called an intuitionistic Q-fuzzy subsemigroup of S if
L. 1, (xy, @) = min {2, (%, @), 22, (¥, Q) -
2. 74(xy,0) < max{y,(x,0), 7,(y,0)}.forall x,yeSandqeQ.
Definition 3.3 [7]:
An IQFS A= (u,,7,) inSis called an intuitionistic Q-fuzzy left ideal of S if
Lopa(xy,9) = p,(y, ),
2.y7,(xy,q) < ya(y,0), forall x, y e Sand q € Q.
Definition 3.4 [7]:
An intuitionistic Q-fuzzy intuitionistic subsemigroup A= (u,,y,) of S is called an
intuitionistic Q-fuzzy bi-ideal of S if
1. g1, Oy, @) 2 min{z, (x, @), 12 (Y, G,
2.. 70wy, q) < max{y,(x,9),7,(y,q)},forall x,y,weSandqeQ.

Proposition 3.5:

If A is an intuitionistic Q-fuzzy bi-ideal of S Vie A,then m A is an intuitionistic
Q-fuzzy bi-ideal where N A = (Auy,vyy) and A g (X) = inf{u, ()i € A,x €S},
vV 7, (X) =suply, ()i € A X €S|,

Proof:

To prove M A is an intuitionistic Q-fuzzy subsemigroup
A 1, (97,0) 2 ATMIN g, (%,0), 45, (Y, 0D )
= min{min 2, (X,0). £, (¥, 0= minmin sz, (x,0),min 2, (y,9);)=
minin sz, (%, 0).A4y (¥,9)f
and

v 7, 0,0) < vimaxiy, (x,), 7 (v, G) fj=max imax{y, (x,),7, (v, Q)=
max 7, (X, d),max y, (y,q) y=max v 7 (X,0),v7, (¥,q) 5.
imax{y, (x,q) (v @) fl=max {v {,, (%, @)V 7, (.0 Jf
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Thus, N A is an intuitionistic Q-fuzzy intuitionistic subsemigroup of S.

To prove n A is Q-fuzzy bi-ideal of S.

Letx,y,a e S,then u, (xay,q) > /\{min{% (X, 0), p, (y,q)}}:

min{min{z, (%), 2, (v,G) = min{min{z, (x,0), min 2, (y,0)f{=

Min A e, (% Q)AL (¥,0)

and

v 7 (x@y,0) < v imax i, (x,0). 7 (¥,0) fj=maximax iy, (x,0). 7 (¥, )=
max mx i, (X, 6), Max 7, (¥, 0)jj=max v 7, (x, 0.7, (¥.0)].

Hence, m A is intuitionistic Q-fuzzy bi-ideal of S.

Definition 3.6 [8]:

An intuitionistic Q-fuzzy intuitionistic subsemigroup A= (u,,7,) of S is called an
intuitionistic fuzzy (1,2)-ideal of S if
1. 12, Ow(yz),q) = min {22, (X,0), 22, (¥, ), 22(2, 9 },
2.y, (ow(y2), 0) < max{y, (x,0), 74(y, @), 7(2,)} for all wx,y,ze S and e Q.
Proposition 3.7:

Every intuitionistic Q-fuzzy bi-ideal is an intuitionistic Q-fuzzy (1,2)-ideal.
Proof:

Let A= (u,,y,) be an intuitionistic Q-fuzzy intuitionistic bi-ideal of S and let

w,X,y,z e Sand g € Q,then
£ OW(y2), ) = 1, (X(WY)Z,G) > min{zz, (xwy), Q). 42 (2,0) } >

min {min {22, (X, ), £, (¥, @), 44 (2, 0) 1} = min{{z2, (X, ), 22, (¥, ), 44 (2, 9) }}
and

720w (yz),q) =y, (xwy)z,q) <max{y,((xwy),q),7(z,0)}=
max {7, (x, @), 7 (Y. @), 7(2,0)
Thus, A= (u,,7,) isan intuitionistic Q-fuzzy (1,2)-ideal of S.
Recall that a semigroup S is said to be regular if, for each x € S ,there exists y e S

such that x=xyx,[9].
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Proposition 3.8:
If S is a regular semigroup,then every intuitionistic Q-fuzzy (1,2)-ideal of S is an
intuitionistic Q-fuzzy bi-ideal.
Proof:
Suppose that S is a regular semigroup and let A= (x,,7,) be an intuitionistic Q-fuzzy
(1,2)-ideal of S.
Let w,x,y e S,since S regular, then xw e (xSx)S < xS ,it follows xw=xsx for some
s € S ,consequently
#4000y, ) = 22, ((6S%) Y, ) = 42, (XS (xy), @) 2 Min {2 (%, ), 225, (%, ), 0 (y,0) } =
min {z2, (x,9), 224 (¥ 9)}
and
7a(0awy), 0) = 7, ((x5X)y, ) = 7, (x3(xy), ) < max{y,(x,0), 7, (%, @), (¥, 0)}=
max {7, (x,a), 7 (¥ o)}
Hence A= (u,,y,) isintuitionistic Q-fuzzy bi-ideal of S.
Recall that, A semigroup S is said to be (2,2)-regular if x € x*Sx*for all x € S,[9,10].
Proposition 3.9:
Let A= (u,,y,) bean intuitionistic Q-fuzzy bi-ideal of S.If S is a (2,2)-regular, then
A(a,q) = A(@®,q) forall acS.
Proof:
Let a < S ,since S is (2,2)-regular, then a € a®Sa’,implies that a = a’xa® for some
XeS.
Now, 41,(2,0) = 1, (a*xa%,q) = minju, (a%,), 1, (2%, G) = 1, (a%, )
> min {u, (a,9), (2, 6)} = 2, (a, )
also,
74(2,0) = 7,(a%xa% ) < max{y, (a®,a), 7,(a%,0) =7, (a%,q) < max{y,(a,q).7.(a.9)}=
7a(a,a).
Hence , u,(a,0)= w,(a*,0) and y,(a,a)=y.(a",q) ;thatis A(a,q) = A(@*,q).
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Recall that, a semigroup S is called intra-regular if, for each element a of S,there exists
elements x and y in S such that a = xa’y ,[9].
Proposition 3.10:
Let A= (u,,7,) be an intuitionistic Q-fuzzy ideal of S.If S is an intra-regular, then
A(a,q) = A(a®,q) forall acSand geQ.
Proof:

L et ae S since S is intra-regular, there exist x and y € S such that a = xa’y.

NoW, 21,(a,q) = 1, (@Y, Q) = 11,(X@*,q) > p1,(8%,0) = {11, (8,0), 11, (@, ) }= 11, (a, ) .
Also, 7,(a,0) = 7,(xa’y,q) = y,(xa%,q) < y,(a%,q) < max{y,(a,0),7,(a,9)} =7,(a,q).
since 11,(a,0) = 1, (a%,a)and y,(a,q) = y,(a%,q) then A(a,q) = A(@*,q).

Corollary3.11 ;
Let A= (u,,7,) be an intuitionistic Q-fuzzy ideal of S.If S is intra-regular, then

A(ab,q) = A(ba,q) forall a,b eS.

Proof:
Let a,b e S.Then by Proposition 3.10,

£1,(ab, ) = 41, ((@b)%,0) = 1, ((a(ba)b, Q) > s, (ba,q) = 11, ((ba)?,)

> p,(b(ab)a,q) > u,(ab,q).

and

7a(ab,q) = 7, ((@b)*,q) = y,(a(ba)b,q) < y,(ba,q) = y,((ba)*,q) =
7a(b(ab)a,q) < y,(ab).

Hence 4, (ab,q) = 1, (ba,q) and ,(ab,q) =y, (ba,q) so A(ab,q) = A(ba,q).

4. Intuitionistic fuzzy ideals
Definition 4.1[10]:
An intuitionistic fuzzy set (brifly,IFS) A in a non-empty set X is an object having the

form  A={(X2,(X),,7,(X)): xe X} where the function 4,:X —[01] and

va:- X —[01] denoted by the degree of membership and the degree of non
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membership,respectively,and 0 < g, (x) + y,(x) <1 for all x € X .An intuitionistic fuzzy
set A={(x,,uA(x),;/A(x)):XG X} in X can be identified to an order pair (u,,7,) in
I * x 1* .For the sake of simplicity, denoted by the symbol A= (u,,y,) for the IFS
A=1{(% 5 (0),, 74 (¥)) : X € X }.
Definition 4.2 [9]:
AnIFS A= (u,,7,) inSis called an intuitionistic fuzzy subsemigroup of S if

1. 4, () 2 min{zz, (%), 2 ()}
2.7,(9) < max{y, (X, 7,(y)}forall x,y €S .
Definition 4.3 [9]:

AnIFS A= (u,,y,) inSiscalled an intuitionistic fuzzy left ideal of S if
L ua(Xy) = pa(y),
2.7,(y) S 7a(y), forallx y eS.
Definition 4.4 [3]:

AnIFS A= (u,,7,) inSis called intuitionistic fuzzy semiprime if
L a,(X) 2 11, (x%)
2. 7 (X) <y (x?) forall xeS.
Proposition 4.5 :

For any intuitionistic fuzzy subsemigroup A= (u,,7,) Oof Sjif A=(u,,7,)is
intuitionistic fuzzy semiprime,then A(a) = A(a%).
Proof:

Let a e S.Then, u1,(a) > u,(a%) = min{z, (a), 4,(3)}= u4(a) .
S0, ux(2) = w,(a%)
And 7,(a) < 7,(a”) =max{y, (@), 74(a)}=74(a).
Hence, y,(a)=y,(a%) it follows that A(a) = A(a?).
Recall that a semigroup is called left regular if for each element a of S,there exists an

element x in S such that a = xa*,[9].
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Proposition 4.6:

Let S be left regular,then every intuitionistic fuzzy left ideal of S is intuitionistic
fuzzy semiprime.
Proof:

Let A=(u,,7,) be an intuitionistic fuzzy left ideal of S and let a e S ,then there
exists an element x in S such that a = xa’ ,then s, (a) = i, (xa”) > u,(a’) since S is left
regular.

Also,we have y,(a)=y,(xa®) < y,(a%) ;that is A is fuzzy semiprime.
Proposition 4.7:

Let A=(u,,7,) be an intuitionistic fuzzy ideal of S.If S is intra-regular,then

A = (u,,7,) is intuitionistic fuzzy semiprime.

Proof:
Let ae S.Then there exist X,y € Ssuch that a=xa’y thus
14(2) = py(xa’y) > p, (x@%y) > p,(ay) > p, (@)
and y,(a) = 7,(x@’y) < 7(a’y) < 7a(a%)
Hence, A= (u,,y,) Iis intuitionistic fuzzy semiprime.
Definition 4.8[2]:
An intuitionistic fuzzy subsemigroup A= (u,,7,) of S is called an intuitionistic
fuzzy interior ideal of S if
1. up(xay) = p,(a)
2.7 (xay) < y.(a), forall x,y,aeS.
Proposition 4.9:
Let A= (u,,y,) be an intuitionistic fuzzy interior ideal of S.If S is an intra-
regular,then A= (u,,7,) is intuitionistic fuzzy semiprime.

Proof:
It follows by definition 4.4 and definition 4.8 .
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