J. Thi-Oar Sci. No. (2 Vol.1 Aug./2008

ISSN 1991-8690 149Y CATA L ) 4 il
website: http://jsci.utq.edu.iq Email: utjsci@utq.edu.iq

Some Properties of Regular Line Graphs

Akram B. Attar Mohammed K Zugair & Taha H. Jassim
University of Thi-Qar - Faculty of Education

Department of Mathematics

Abstract

In this paper, the concept of regular line graph has been introduced. The
maximum number of vertices with different degrees in the regular line graphs
has also been studied. Further, the necessary and sufficient condition for

regular line graph to be bipartite graph have also been proved.
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1. Introduction
A graph G =(V(G),E(G))consists of

two finite sets, V(G), the vertex set of the
graph, often denoted by just V , which is a
nonempty set of elements called vertices,
and E(G), the edge set of the graph, often
denoted by just E, which is a possibly
empty set of elements called edges, such
that each edge ein Eis assigned an
unordered pair of vertices (u,v) called the
end vertices of e.The number of vertices
of G will be called the order of G, and

will usually be denoted by p ; the number
of edges of G will generally be denoted
byq. If for a graph G, p=1 then Gis
called trivial graph; if q=0 then G is
called a null graph. We shall usually
denote the edge corresponding to (v,w)
where (v and w are vertices of G) by
VW,

If e

vertices v,w then e is said to join the

is an edge of G having end

vertices v and w, and these vertices are
then said to be adjacent. In this case, we
also say that e is incidentto v and w, and
that w is a neighbor of v. The open

neighborhood N(v) of the vertex v
consists of the set of vertices adjacent to
v, that is N(v)={weV :vwe E}. An

independent set of vertices in G is a set of
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vertices of G no two of which are
adjacent. If two distinct edges are incident
with a common vertex, then they are
adjacent edges. An independent set of
edges in G is a set of edges of G no two
of which are adjacent.

Let v be a vertex of the graph . If v
joined to itself by an edge, such an edge is

called loop. The degree d(v) is the

number of edges of G incident with v,
counting each loop twice. If two (or more)
edges of  have the same end vertices
then these edges are called parallel. A
graph is called simple if it has no loops
and parallel edges. We say that G is
regular graph with regularity degree r if
the degree of every vertex is r.

A simple graph in which every two
vertices are adjacent is called a complete

graph; the complete graph with p vertices
is denoted by K. A bipartite graph is a

graph whose vertex set V can be

partitioned into two subsets V, and V,
such that each edge of G joins V, with
V,. If G contains every edge join V, and
V,, then G is complete bipartite . If V,
and V, have m and n vertices, we write

G=K,, . Astar is a complete bipartite

graph Kin-
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A subgraph  of the graph
G=V(G),E(G)) is a graph
H =V (H),E(H))such that

V(H)<V(G) and E(H) c E(G).

A walk in a graph G is a finite sequence
W =veVv e,..v, ,eVv,whose terms are
alternatively vertices and edges such that

for 1<i <k, the edge e, hasends v, , and

v,. The vertex v, is called the origin of

the walk W, while v, is called the

terminus of W . The vertices v,,...,v, ; in
the above walk W are called internal
vertices. If the edges e,e,,..,e of the
walk W =vyeyV, e,..v, .6V, are distinct
then W is called a trail and if v, = v, then
W is called a closed trail. If the vertices
Vg, Vg,V OF the walk
W =vey e,..v, .V, are distinct then W
is called a path. A path with n vertices
will sometime be denoted by P,. A closed
trail in a graph Gis called a cycle if its
origin and internal vertices are distinct. A
cycle with nvertices, will sometime be
denoted by C, and called n-cycle.

A graph G is connected if there is a
path joining each pair of vertices of G ; a
graph which is not connected is called
disconnected. A connected graph which
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contains no cycle is called a tree. A graph
G is Hamiltonian if it has a cycle which
includes every vertex of G .

For the

undefined  concepts and

terminology we refer the reader to
Wilson[1978], Clark[1991], Harary[1969],
West[1999] and Tutte[1984].

All graphs throughout this paper are

simple.

2. Reqular Line Graph

We need the following definition[2].
Definition 2.1: Let G be a simple graph,
the line graph of G, written L(G), is the

graph whose vertices are the edges of G,
with ef € E(L(G)) when e and f have a

common endpoint in G .
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If e=uv is an edge of G, then the degree
of e in L(G) isclearly d(u)+d(v)-2.

Now, we define the regular line graph.
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Definition 2.2: Let G be a nontrivial (non
null) graph, if the line graph L(G) is
regular graph, then we call G is regular
line graph. In particular if G is connected
graph, we say that G is connected regular
line graph.

Examples 1:

1-Every cycle graph C, is connected
regular line graph.

2-Every regular graph is regular line
graph.

&
AN
/ \

/
R\

7

Figure 1
3- The star graph is connected regular line
graph.
4- Each of the two graphs in Figure 1 is
regular line graph.

We introduce the following theorem.
Theorem 2.3: Every connected regular
line graph has at most two vertices with
different degrees.

Proof: Let G be a connected regular line

graph and the regularity degree of L(G) is

r. Suppose that u is a vertex of degree d,
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in G. As L(G) is regular, all the vertices
in the neighbors of u have the same
degree. Let v be a vertex in N(u) with
degree d,. Assume that d, =d, and x is
a vertex in G different from u,v with
degree d, such that d, #d, and d, =d,.
Then all the vertices in N(x) have the
same degree. Let y be a vertex in N(x)
of degree d, .
Now, as L(G) is regular graph with
regularity degree r, and from Definition
2.1, we have

d,+d,-2=r ...

d;+d,-2=r ... (2

From @) and (2), we get
d,+d, =d,+d,.

If d, =d,, then d, =d, a contradiction.

If d, =d,, then d, =d; a contradiction.

Hence d, =d, and d, =d,.

As G is connected graph, there exist a
path from u to x. In this path either a
vertex of degree d, or a vertex of degree
d, is adjacent to a vertex of degree d, .

Suppose that a vertex of degree d, is
adjacent to a vertex of degree d,. As
L(G) is regular, we have d, +d, —2=r.
By using(l), we get d,=d, a

contradiction. A similar contradiction
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occur when a vertex of degree d,is
adjacent to a vertex of degreed,.

Therefore d,+d,—-2=r and also

d,+d, =r which is a contradiction to

our choice of G. Hence G has at most

two vertices with different degrees.

¢
o

Figure 2
The converse of this theorem need not
be true. In fact, the graph in Figure 2 has
at most two vertices with different
degrees, but it is clear that the graph is not
connected regular line graph.

Theorem 2.4: Let G be a connected
regular line graph, then G is bipartite
graph if and only if one of the following
holds.

1. G contains two vertices with different
degrees. Or

2. G is regular graph and isomorphic to
K, orall it is cycles are even.

Proof: Suppose that G is bipartite graph.
As G is a connected regular line graph, by

Theorem 2.3, G has at most two vertices
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with different degrees. That is either G
has two vertices with different degrees and
(1) holds, or all the vertices in G have the
same degree, and in this case G is regular.
If the regularity degree of G is 1, then G
is isomorphic to K,. If the regularity
degree of G is greater than 1, then G
contains some cycle [If every cycle of a
graph G has degree at least 2, then G
contains a cycle. West p.27], and as G is
bipartite, then every cycle in G is even
[A graph is bipartite iff all it is cycles are
even. Harary p.18] and (2) holds.
Conversely, suppose that (1) holds.
As G is a connected regular line graph,
by Theorem 2.3, the vertices in V(G)
have exactly two different degrees.
Let V, be a subset of all vertices in G in
which each vertex has a degree d, ; V, be
a subset of all vertices in G in which each
vertex has a degree d, such that d; #d,
and V, UV, =V .
As G is connected regular line graph,
there exist two adjacent vertices u eV,
and veV, . As d(u)=d, and d(v)=d,,
the regularity degree of L(G) is
r=d,+d,-2 ...
Now , if the subset of vertices V, contains

two adjacent vertices, then r =d, +d, — 2.
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By using (1), we get d, =d, which is a
contradiction  to  our  assumption.
Therefore, V, does not contain any two
adjacent vertices. By Similar way we
prove that V, does not contain any two

adjacent vertices. Hence G is bipartite
graph.

Suppose that (2) holds.

If G is regular and isomorphic to K, ,

then it is clear that G is bipartite. If all the
cycles of G are even, then G is bipartite
[A graph is bipartite iff all it is cycles are
even. Harary p.18].
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